CUSPIDAL LOCAL SYSTEMS AND 
GRADED HECKE ALGEBRAS, III 

G. LUSZTIG 

Abstract. We prove a strong induction theorem and classify the tempered and 
square integrable representations of graded Hecke algebras. 

Introduction 

Let Q be the group of rational points of a simple adjoint algebraic group over a p- 
adic field, which is an inner form of a split group. Consider the set of isomorphism 
classes of irreducible admissible representations of Q whose restriction to some 
parahoric subgroup contains some irreducible unipotent cuspidal representation 
of that parahoric subgroup modulo its "unipotent radical". The classification 
of such "unipotent" representations of Q has been established in [L7] (see also 
[KL] for an earlier special case) in accordance with a conjecture of Langlands 
(refined in [LI]). In the special case considered in [KL], the tempered and square- 
integrable representations were also explicitly described; the main tool to do so was 
an "induction theorem" [KL, 6.2] for affine Hecke algebras with equal parameters. 
But in the context of [L7] the induction theorem was missing and the problem 
of describing explicitly the unipotent representations that are tempered or square 
integrable representations remained open. 

One of the techniques used in [L7] was the reduction of the (equivalent) clas- 
sification problem for certain affine Hecke algebras with unequal parameters to 
the problem of classifying the simple modules of certain "graded" Hecke algebras 
which could be done using methods of equivariant homology. By these methods 
one can reduce the problem of describing the tempered or square integrable unipo- 
tent representations to the analogous problem for graded Hecke algebras. This last 
problem is solved in the present paper. As in [KL] one of the key ingredients is an 
"induction theorem" . In fact we will prove a strong form of the induction theorem 
(without "denominators") inspired by [L8, 7.11] which implies the classification of 
tempered and square integrable representations. 

In the case where Q has small rank, the classification of square integrable unipo- 
tent representations of Q has been given in [R]. 
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After this work was completed, I received the preprint [W] where most results 
of the present paper (but not the strong induction theorem) are obtained indepen- 
dently in the case Q = S02n+i- 

Contents 
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1. Preliminaries and statement of results 

1.1. Unless otherwise specified, all algebraic varieties are assumed to be over C. 
If X is a subvariety of X' we write cl{X) for the closure of X in X' . For a Lie 
algebra q let be the centre of q. If A is a subset of 0, we set ^{A) — {x E 
g; [x, y] = Vy e A}; if o is a Lie subalgebra of g, we set 3o(^) = 3(^) H 

For any algebraic group Q let be the identity component of Q, let Ug be 
the unipotent radical of and let Zg be the centre of Q. Let Q = Q /Ug and let 
Tig : Q — > Q he the canonical homomorphism. Let Q_ be the Lie algebra of ^. HA 
is a subset of £, we set Z{A) — [g e G; Ad{g)y = y \/y E A}. Let Tig : £ — > £ be 
the map induced by irg. Let Qder be the derived group of Q (a closed subgroup if 
Q is connected). If x e £ is a semisimple element, we denote by {x) the smallest 
torus in Q whose Lie algebra contains x. 

1.2. Let G be a connected reductive algebraic group. Let = G; let Qat be the 
variety of nilpotent elements of g. Let Qss be the set of semisimple elements of g. 
Let ^ be the variety of parabolic subgroups of G. 

A cuspidal datum for G is a triple (7^, c, C) where P is a G-orbit on c is a 
G-orbit on the set of pairs {x, P) with P e 7^, a; e P is nilpotent, and C is an 
irreducible G-equivariant local system on c such that for some (or any) P E V, 
the restriction of C to the P-orbit 

cp = {x e P; {x, P) e c} 

(a local system that is automatically -P-equivariant and irreducible) is cuspidal in 
the sense of [L4, 2.2]. 

A cuspidal triple in G is a triple (L, G, £) where L is a Levi subgroup of a 
parabolic subgroup of G, G is a nilpotent L-orbit in L and £ is an irreducible 
L-equivariant local system on G which is cuspidal in the sense of [L4, 2.2]. 

To a cuspidal datum (P, c, £) we attach a cuspidal triple as follows: let P G P, 
let L be a Levi subgroup of P, let G be the nilpotent orbit in L corresponding to 
Cp under the obvious isomorphism L P_ and let £ be the local system on G 
corresponding to C\cp under the obvious isomorphism G — > Cp. Then (L, C,£) is 
a cuspidal triple in G. Using [L5, 6. 8(b), (c)], we see that, conversely, any cuspidal 
triple is obtained as above from a cuspidal datum (P, c, C) where P, c are unique 
and jC is unique up to isomorphism. 
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1.3. Let {Vi c, C) be a cuspidal datum for G and let Q G ^ be such that Q contains 
some P eV. Then there is an induced cuspidal datum {V'.,c',jC) for Q, defined 
as follows. Let V' be the set of all subgroups P' of Q such that 7rQ^{P') e V. 

Let c' be the set of all pairs {x',P') where P' e V and x' E P^ = tTq^P') is 
such that {x', 'Kq^{P')) G c. The inverse image of C under the map c' — > c given 
by {x',P') ^ (a;',7rQ^(P')) is denoted again by C Then {V' , c', C) is a cuspidal 
datum for Q. 

1.4. In the remainder of this paper we fix a cuspidal datum {V, c, C) for G. 

For each P G P we form the torus PjP^^^ (resp. the vector space P/[P, P]). If 
P,P' G V, there is a canonical isomorphism P' / P'(i(,r — ^ P/Pder (resp. 
£'/[£', El] ^ £/[£, £]) induced by kd{g) where g e G is such that M{g)P' = P. 
This is independent of the choice of g. Hence we may identify P/P^er (resp. 
P/[P, P]) for any P G P with a single torus T (resp. a single C- vector space 
f)). Thus, for any P G P we have a canonical isomorphism P/P^er T (resp. 
P/[P, Z] ^ f))- Since for P G P we have P/[P, P] = PjPder , we have canonically 
f) = T. 

1.5. The set 

{P' G P' contains strictly some P G P and is minimal with this property} 
decomposes into G-orbits (Vi)i^i. Here / is a finite indexing set. 

For any J C / let Vj be the set of all P' G ^ such that P' contains some 
member of V and, for i E I, P' contains some member of Vi if and only if i G J. 
Then Vj is a G-orbit on <p. We have V = Vq,,Vi = V{i} for i G /. 

The diagonal action of G on P x P has only finitely many orbits; an orbit is 
said to be good if it consists of pairs (P, P') such that P, P' have a common Levi 
subgroup. Let W be the set of good G-orbits on P x P. There is a natural group 
structure on W (sec [L5, 7.3]). 

1.6. Let P G P and let L be a Levi subgroup of P. For any J C / let Pj be the 
unique member of Vj that contains P. For i G / write Pj instead of P{i}- We 
have P0 = P. Let T = Zl; then T = 3^. Let Ar(r) be the normalizer of T in G. 
Then W{L) = N{T)/L acts naturally (and faithfully) on T and on T*. We have 
= ®aeT*5" where 

0'* = {x G 0; [y, x] = a(y)a; Vy G T}. 

Note that g'* is an L-module by the ad action. Let P = {a G T*; ct 7^ 0, 0° 7^ 0}. 

By [L4, 2.5], P is a (not necessarily reduced) root system in T* with Weyl group 
W{L). (We do not have to specify the set of coroots since they are determined 
uniquely by R and the Weyl group action on T*.) Let Li be the Levi subgroup of Pj 
that contains L. There is a unique ctj G P such that g"^ C Up_ and Lj = ©nezS"''** • 
Then {ai, z G /} is a set of simple roots for R. 
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Let C be the nilpotent L-orbit in L which corresponds to Cp under the obvious 
isomorphism L P. Let y E C. For i E I let ci be the integer > 2 such that 

ad(y)^^-2 : © g^a^ _^ ^ ^2^^ jg _^ 

Then Cj is independent of the choice of P, L and y. 

We identify W{L) with by n i— > G — orbit of {P,nPn~^). Via the obvious 
isomorphism T ^ ^E] = f), the W{L) action on T and T* becomes a 

action on f) and ^* (independent of the choice of P, L) and the vectors ai{i G /) in 
T* become vectors in f)*, denoted again by ct^ (these are also independent of the 
choice of P, L). The action of W on f)* is denoted by ^ i— > For i G / let Si be 
the unique element of W which is a reflection in f)* such that Si{ai) — — Ofj. Then 
W together with Si{i G /) is a Coxeter group. For J C / let Wj be the subgroup 
of W generated by {s^; i G J}. 

For future use we note the following property: 

(a) Let i e I and let Q e ^ be such that P C Q, Pi ^ Q. Then L^nQ = 
©neNS"""'- In particular, (g~"^ © g"^"^ fl Q = 0. 

1.7. Let H be the associative C-algebra defined by the generators ^ (in 1-1 cor- 
respondence with the elements ^ G [)*), (indexed by i G /) and r, subject to the 
following relations: 

(a) a$ + a'^' = a^-\- a'^' for any ^, ^' G ^* and any a, a' G C; 

(b) ^'=riforany^7rer; 

(c) Si{i G /) satisfy the relations of W; 

(d) Si^ — ^^isi — Ci ^~^]^ v for any ^ G ()* and any i G /. 

(e) r is central. 

(In (d) we have G C.) This is the same as the algebra denoted by H in [L4, 

6.3]. 

1.8. Let 

= {{y, P)eQxV;ye P;Kp{y) e cp + Zp}. 

Let TT : g — s> be the first projection. Now G x C* acts on g by ((7, A) : 
y ^ A-2Ad(^)2/, on P by {g, X) : P ^ gPg'^ and on g by (^, A) : {y, P) ^ 
{X~'^Ad{g)y,gPg~^). For y G gjv we denote by M (y) or Moiy) the stabilizer of y 
in G X C*. Thus, 

M(y) = {(^, A) G G X C*; Ad(^)y = A^y}. 

We also have an action of GxC* on c given by {g, A) : {x, P) 1— > (A~^Ad(^)a;, gPg~^)^ 
Here we regard Ad(5r) as a map cp ^ Cgpg-i. The local system £ on c is automat- 
ically G X C*-equi variant [L5, 7.15]. Let s : g — c be given by s{y,P) = {y',P) 
where y' G cp,7rp(y) — y' G Zp. Then C = s*C is a G x C*-equivariant local 

system on g and IC — ttiXjC.*) is (up to shift) a G x C*-equi variant perverse sheaf 
on g, with a canonical action of W, [L4, 3.4]. 
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1.9. Let X be an algebraic variety with a given morphism X — > g. Define 



X 



X 



Q by the cartesian diagram 
X 



X 



Then m* (JC) is naturally an object of the bounded derived category of constructible 
sheaves on X with a VF-action inherited from /C hence there is a natural VF-action 
on the hypercohomology 

Hi{X,m*{K:)) = Hi{X,m[&) = Hi{X,t). 

(We will often denote various local systems obtained from £, by some natural 
construction again by £,£*.) 

1.10. If, in addition, X has a given action of a closed connected subgroup G' of 
G X C* and m is compatible with the G'-actions, and if F is a smooth irreducible 
variety with a free G'-action, we can form the cartesian diagram 



^X 



rS 



rm 



^X 



where F h- > is the functor from algebraic varieties with G'-action to algebraic 
varieties given by y i— > G'\{T x Y). 

The local system CIE1£* on F x g is G'-equi variant hence it descends canonically 
to a local system r-^* on r0- Also, C Kl/C is (up to shift) a G'-equivariant perverse 
sheaf with VF-action on F x g hence it descends to a perverse sheaf (up to shift) 
with VF-action on rfl- We have canonically = (r7r)!(r>C*). Then (rTO)*(r^) is 
naturally an object of the bounded derived category of constructible sheaves on 
rX, with a VF-action inherited from r/C hence there is a natural VF-action on the 
hypercohomology 

H^/-^{rX, (rm)*(r/C)) = H^^-^rX, (rm')!((rm)*(rr))) = H^/~'{rX,rn 

where d = dimX. (We write r-^* instead of (r?Ti)*(r/^*).) We can choose F so 
that H^(r, C) = for n G [1, m] where m is large compared with j. Taking duals, 
we see that W acts naturally on the equivariant homology 



Hf{X,C) = H^'^-^irX, rCy 



[L4, 1.1]. This action is independent of the choice of F. 
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1.11. Let S = S'(f)*® C) = S{i)*)iS)C[r] where S{) denotes the symmetric algebra 
of a C-vector space and r = (0, 1) e f)* ® C. 

For any algebraic group G' we write Hq, instead of Hq, {point, C) (equivariant 
cohomology) . For any surjective homomorphism G' — > G" of connected algebraic 
groups we have a canonical algebra homomorphism Hq, — > Hq,,. (Using the 
identification [L4, 1.11(a)], this is obtained by associating to a polynomial function 
G" — > C its composition with the obvious map G' — > G".) In particular, if P eV, 
we have a canonical algebra homomorphism 

TT* fjt _ fT"* 

-"P/PderXC* - -"p/Pder-XC* ~^ ^PxC" 

Composing this with the algebra homomorphism Hp^^^ — > Hp^^^{cp,C) (as 
in [L4, 1.7]) we obtain an algebra homomorphism Hp^p^ — > Hp^^^{cp,C). 
By [L4, 1.6, 1.4(e), 1.4(h)] we have canonically 

HGxC*{d,C) = i/pxc*(2Lp^(cp +^), C) = i/pxc*(cp,C) = Hp^^,{cp,C). 

We obtain an algebra homomorphism Hp^p^ — > i^Q^^-,* (g, C). Using the 
canonical isomorphism P/P^gr T we obtain an algebra homomorphism 

-^TxC* ~^ -^Gxc*(0'^)- This is in fact an algebra isomorphism (a reformula- 
tion of [L4, 4.2]). By [L4, 1.10] we have canonically i?TxC* = ^i^* ® C) = S. 
Thus we have an algebra isomorphism 

(a) S^i^SxC^aC). 

Assume that X is an algebraic variety with a given action of a closed connected 
subgroup G' of G X C* and with a given morphism m : X — > compatible 
with the G'-actions. We write C instead of m*C (a local system on X). Then 
H^'(X,jC,) is an S-module as follows. Let ^ G S, let ^' e HQ^f-.,(Q,C) be the 
element that corresponds to ^ under (a) and let ^" G Hq,{q,C) be the image of 
^' under the homomorphism (g, C) — * i7^,(g, C) as in [L4, 1.4(f)]. We 

have m*{0 G H^,{X,C). If z e Hf{X,C) then is defined as the product 
m*(^") ■ z G Hf{X,C) as in [L4, 1.7]. 

1.12. Let y G Qn- Let 

Vy = {PeV;ye P;7Lp{y) e cp + Zp) ^ {P eV;y e P;7Lp{y) g cp}. 

(The second equality follows from the fact that y is nilpotent.) The second projec- 
tion identifies {y}' with Vy. Note that {y} and {y}' are stable under M{y) hence 
under M^{y). By 1.10 applied to X = {y} and by 1.11 applied to X = {y}'we see 
that, if G' is a closed connected subgroup of M^{y), then {Vy, C) has a natural 
VF-action and a natural S-action. It also has a natural i^gz-module structure [L4, 
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1.7]. Now there is a unique H-module structure on H^' {Vy, t) such that r e H 
acts as r e S, ^ e H acts as ^ e S (for ^ e f)*) and e H acts as Sj e (for 
z e /). (In the special case when G' = M^{y), this follows from [L4, 8.13]. The 
case when G' is not necessarily M^{y) can be reduced to the special case using 
the isomorphism 

(a) H*G' ^H*^o,,, Hf^y\Vy,C) ^ HfiVy,C) 

as in [L4, 7.5]; that result is applicable in view of [L4, 8.6].) The H-module 
structure commutes with the iy^,-module structure on {Vy, C). 

Now the finite group M{y) = M{y)/M^{y) acts on Ht^''^^\Vy, t) by [L4, 
1.9(a)]. This action commutes with the H-module structure and is compatible 
with the iy^o(y)-niodule structure where we regard H^o(^y^ as being endowed 
with the action of M{y) given again by [L4, 1.9(a)]. 

1.13. Let G' be a closed connected subgroup of G x C*. Then G' C g © C. By 
[L4, 1.11(a)], we may identify Hq, with the space of polynomials / : ^ C 
that are constant on the cosets by the nil-radical of G' and are constant on the 
Ad-orbits of G' . Let (cr, r) G G' be a semisimple element. Let J7^^ be the maximal 

ideal of Hq, consisting of all / such that f{(T,r) = 0. Let Ca,r = Hq,/J^I. (A 
one dimensional C- vector space.) 

Now assume that G' C M^{y). Then G' C {{x/r) G g © C; [x,y] = 2ry} = 
M°(y). In particular we have [cr, y] = 2ry. 

Let /i : G' — > C be defined by fi{x,r) = r. In the ff^, -module structure on 
(VyiJC), /i acts as multiplication by r e H. We form 

Then Ey^cr,r inherits from Hf {Vy, t) an H-module structure in which r e H acts 
as multiplication by r (since /i — r G Ja,r)- ^y 1.12(a), Ey^cr,r defined in terms 
of G' is the same as Ey^cr,r defined in terms of M^{y). For this reason we do not 
include G' in the notation for Ey^^^^r- 

Let M{y,a) = M{y) fl (Z(cr) x C*). Let M{y,a) be the group of connected 
components of M{y,a). The obvious map M{y,a) M{y) is injective, since 
M°(j/) n {Z{a) X C*) is connected. Clearly, the restriction of the M{y) action on 

Hl[0(^y) to M{y, a) leaves J^r^^^ stable hence the action of M(?/) on H^°^^^ {Vy,t) 
induces an action of M(y, cr) on Ey^cr,r- This action commutes with the H-module 
structure. 

1.14. Let IrrM(?/, cr) be a set of representatives for the isomorphism classes of 
irreducible representations of M(j/, cr). For p G IrrM(j/, cr) let 
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Let IrroM(2/, (j) be the set of those p e IrrM(2/, cj) such that Ey^„^r,p 7^ or, 
equivalently (see [L4, 8.10]) such that p appears in the restriction of the M{y)- 
module H^{Vy, C) to M(y, ex). (Equivariant homology or cohomology in which the 
group is not specified is understood to be with respect to the group {!}.) 

Theorem 1.15. (a) Let y, cr, r be as above; assume that r 7^ 0. Let p G IrroM(y, cr).| 
Then the H-module Ey^a,r,p has a unique maximal submodule. Let Ey^a,r,p be the 
simple quotient of Ey^^^j,,p- 

(b) Let r e C*. The map {y, a, p) ^ Ey^cj^r,p establishes a bijection between the 
set of all triples (y, cr, p) with y e Qn, cr £ dss with [cr, y] = 2ry and p e IrroM(y, cr) 
(modulo the natural action of G) and the set of isomorphism classes of simple H- 
modules in which r acts as multiplication by r. 

The proof is given in 3.39, 3.41, 3.42. (A bijection as in (b) has aheady been 
obtained in [L5] by other means since (a) was not known in [L5].) 

1.16. Let J C / and let Q e Vj. Let be a Levi subgroup of Q. Let y e 
be nilpotent. Now carries a cuspidal datum {V' , c', C) analogous to that of G 
(see 1.3). Here we identify = Q via ttq. Replacing G by in the definition of 
W, [), S, H, Vy, t we get Wj, [), S, H', V'y, t. We use P' ^ 7^q\P') to identify V 
with V* = {P eV;P gQ} and V'y with v;^{PeVy;PG Q}. 

Let C be a maximal torus of M^,{y) C M°(y). Then H^{Vy,C) is an H'- 
module (by 1.12 for = Q instead of G). Using the obvious algebra homo- 
morphism H' — > H (taking the generators of H' to the corresponding generators 
of H) we can form the H-module H C?)h' {Vy^ C). Now the closed imbedding 
j -V* Vy induces a map j\ : H^{V*,jC) -> H^{Vy, £), (see [L4, 1.4(b)].) From 
the definitions we see that j\ is H'-linear hence it induces an H-linear map 

(a) H ® H' {V; , >C) ^ fff (Vy , Jt) . 

Let yllq = coker(ad(y) : Uq — >■ Uq). Define e : Mgi(y) C (recall that 
M|^C5®C)by ~ ~ 

e{x, A) = det(ad(x) - 2A : yUq yUq). 

(For (a;,r) e Mgi(y) we have [a;,y] = 2ry hence [ad(a;), ad(y)] = 2rad(y) hence 
ad(a;) : Uq — > Uq induces a map yUQ — > yUQ denoted again by ad(a;).) The 
restriction of e to C is denoted again by e. By the identification [L4, 1.11(a)] we 
may regard e as an element of Hq. Applying HQ[e~^]®H^ to (a) we obtain an 
i?5[e~^]-linear map 

(b) i?2;[e-']®i/£ {-R^M' H^{r;,t)) H*c[^-^]®H*^H^{Vy,t). 
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Theorem 1.17 (Induction theorem). The map 1.16(h) is an (H-linear) iso- 
morphism. 

The proof is given in Section 2 as an application of the "strong induction the- 
orem" 2.16 which states the existence of an isomorphism similar to 1.16(b) but in 
which no elements of need to be inverted. 

Corollary 1.18. Assume that (ex, r) is a semisimple element of MQ^{y) such that 

e{a,r) ^ 0. Define E'y^^^^ like Ey^^^r but in terms of instead ofG. Choose C 
as in 1.16 such that (cr, r) e C. Then the map 1.16(b) induces an isomorphism of 
H-modules H (8)h' -E'^,o-,r ~^ ^y,cr,r- 

1.19. Let 2 be the collection of all simple finite dimensional g-modules V such 
that for any P e V there exists a P-stable line Dp in V (necessarily unique). 
An equivalent condition is that, for any P E V, {v & V; Upv = 0} is a line 
in V. (Clearly, {v G V; Upv = 0} is P-stable, hence if the second condition 
holds then the first condition holds. Conversely, let P E V and let b be a Borel 
subalgebra of P_. If {v e V; Upv — 0} is non-zero, then it is a P/t/p-module with 
a unique line stable under b/Up_, a Borel subalgebra of P_/Up_, since such a line 
must be b-stable and V is simple. It follows that {v E V;Upv = 0} is simple as 
a P_/ Up -module. Hence, if there exists a P-stable line in V (necessarily contained 
in {v E V;Upv — 0}) then that line must be equal to {v E V;Upv — 0} so that 
{v E V; Up v = 0} is a line.) 

Let V El. Then V defines an element e ^* as follows. Let P eV. Then 
XV = u{x)v for X E P_,v E Dp where u : P_ — > C is a Lie algebra homomorphism. 
Then u factors through a linear form on P/[P, P] = f} denoted by ^y. It is 
independent of the choice of P. 

1.20. In the remainder of this section we assume that G is semisimple. 

Let r G C* and let r : C — > R be a homomorphism of abstract groups such 
that r(r) ^ 0. Let E be an H-module of finite dimension over C. We say that E 
is T-tempered if for any V eT, any eigenvalue A of on E satisfies T(A)/r(r) > 0. 
Wc say that E is T-square integrable if for any V El, other than C, any eigenvalue 
A of ^v' on E satisfies r(A)/r(r) > 0. 

The standard basis of the Lie algebra 5(2 (C) is denoted as follows: 

_01,_10 i-_00 

eo - , fto - -1 ' /o - 1 • 

Theorem 1.21. Assume that r 7^ 0. Let y,o',p be as in 1.15(b). The following 
three conditions are equivalent: 

(i) Ey^cr,r.p is T-tempered. 
(a) Ey^(j,r,p is T-tempered. 

(Hi) There exists a homomorphism of Lie algebras (j) : sl2{C) — > g such that 
y = 4>{eo), [a,4){ho)] = 0, [a, 0(/o)] = — 2r(/)(/o) and any eigenvalue A of ad((T — 
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r(f){ho)) : — * satisfies r(A) = 0. 

If these conditions are satisfied, then Ey^cr,r,p = Ey^a,r,p- 

The proof is given in 3.43. 

Theorem 1.22. Assume that r ^ Let y,(J,p be as in 1.15(h). The following 
five conditions are equivalent: 

(i) y,a are not contained in a Levi subalgebra of a proper parabolic subalgebra 
ofQ. 

(ii) There exists a homomorphism of Lie algebras (f) : 5(2 (C) — > g such that 
y — (/)(eo), (J = rcjyiho); moreover, y is distinguished. 

(Hi) Ey^cF,r,p is T-square integrahle. 

(iv) Ey^cT,r,p is T-square integrable. 

(v) For any V & I, other than C, any eigenvalue of r~^^v on Ey^^j^^^p is an 
integer > 1. 

If these conditions are satisfied, then Ey^a,r,p = Ey^a,r,p- 
The proof is given in 3.44. 

2. A STRONG INDUCTION THEOREM AND A PROOF OF THEOREM 1.17 

2.1. In this section we place ourselves in the setup of 1.16. Thus, 

j,Q,Q\Yi\yy,v'y,v\v;,c 

are defined. We set q = Q, = ,x\.= Uq. We can find a Lie algebra homomor- 
phism 4> '■ sb(C) — > q-*^ such that (/)(eo) = y and such that C is a maximal torus 
of 

{(^, A) e X C*; Ad(^)<^(eo) = A^^leo), Ad(^)0(/o) = X'^c^Uo)}. 
For any P e V we set 

p' = iPnQ)UQ 

(a parabolic subgroup of Q). 

Let / : q ^ q^ be the projection of q = q^ ® n onto q^. Let 

W* = {w E W; w has minimal length in wWj}. 

There are only finitely many orbits for the conjugation action of Q on V. A Q- 
orbit C on P is said to be good if any P e O has some Levi subgroup that is 
contained in Q. For such O and for P e O we have P- e V* and the G-orbit of 
(P, P') in ■p X P is good (see 1.5) and indexed by an element w G W^. Moreover, 
O ^ w is a, well defined bijection between the set of good Q-orbits on V and W^. 
We denote by o{w) the Q-orbit on V corresponding to w e W^,. Note that P ^ P- 
is a Q-equivariant morphism o{w) — > V* . 
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If X is a subvariety of g then X = {{z, P) E g; z e X} (see 1.9) is a subvariety 
of g. For any subvariety F on V we set 

XF = {{z,P)eX-PeF}. 

For w e W* we wiU often write X^ instead of X^f^y^y Define 

/:q^^(?')i = q},(^,P)^(/(^),P'). 

Let 5" = Zqi. Let w G VF*. Let o{w)^ be the fixed point set of the conjugation 
action of 5" on o{w). The properties (a),(b) below are easily verified. 

(a) The map o{w)^ — > V* given by P — * P^' is an isomorphism. 

(b) Let z e q and let P e o{w)^. Then we have {z,P) G if and only if 

{z.P-)eg. 

The fixed point set of the ^'-action on q^^ (conjugation on both factors) is q^. The 
restriction of / defines an isomorphism q^ — > c{\. 

We choose a homomorphism of algebraic groups x • C* — > 5 such that A i— > 
Ad(x(A)) has weights > on n. We define a C*-action on q^, by 

A : {z,P) ^ (Ad(x(A))^,x(A)Px(A)-^). 

Then f : qyj ^ q\ is C*-equivariant where C* acts on q\ trivially. Let n = 
dim P — dim Cp — dim Zp for any P eV. 

Lemma 2.2. (a) q^ is a sm,ooth variety of pure dimension dimQ — n. 

(h) Let {z',P') e q^; define {z,P) G qi by f{z',P') = f{z,P). Then 
limx^Q X{z' , P') exists in q^, and equals {z,P). 

(c) The fixed point set of the C* -action on q^ coincides with the fixed point set 
of the S -action on q^,. 

Consider the fibration pr2 ■ qw — * o{w). Let P G o{w). Let P^ be a Levi 
subgroup of P that is contained in Q. Let be the nilpotent orbit in P} corre- 
sponding to Cp under P^ P. Then pr^^(P) may be identified with 

(c^ + Zpi + Up) nq = c^ + Zpi + {Up_ n q) 
and this is smooth irreducible of dimension 

-n + dimP^ + dini(^7p n Q) = -n + dim(P fl Q). 
Now o{w) is smooth, irreducible of dimension dimQ — dim(Pn(5) and (a) follows. 

Wc prove (b). We have z' ~ z-\- x with a; G n. We have P'' = P' and P', P are 
in o{w) hence P' = uPu~^ for some u G Uq. Thus, 

A(^',P') = {Ad{xiX)){z + x),xiX)uPu-\iX)-') 
= iz + Ad(x(A))x, xWux{X-')PxWu-\{X)-'). 

Now limA^o x(A)'Ux(A~^) = 1 and limA^o Ad(x(A))x = by the choice of x- 
Hence lim;^^o ^(-z', P') = {^,P)- This proves (b). Now (c) follows immediately 
from (b). 
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2.3. Let A = y + 3q(0(/o)), A^ = AnqK 

Lemma 2.4. Let w E VF*. 

(a) A^^ is smooth of pure dimension —n + dim3q(0(/o)). 

(b) A\ is smooth of pure dimension — n + dim^qi ((/)(/o)). 

(c) The map A^ — > A\, {z,P) i— > {f{z), P') is an ajfine space bundle with fibres 
of dimension dim3„(0(/o)). 

By [L8, 6.9], 

(d) the map Q x A q (given by the adjoint action of Q) is smooth with fibres 
of pure dimension dim3q(0(/o)). 

We have a cartesian diagram 

Aq„ > A 



where the vertical maps are the inclusions. This induces a cartesian diagram 

Q X > Q X A 

i{w q 

where the vertical maps are given by the obvious action of Q. Using (d), it follows 
that Q X Ayj — > c\w (adjoint action) is smooth with fibres of pure dimension 
dim3q((/)(/o)). Since q^t; is smooth of pure dimension dimQ — n (see 2.2(a)), it 
follows that Q X Ayj is smooth of pure dimension dim Q — n + dim ^c^{(f){fo)) . Hence 
Ayj is as in (a). Now A\ is the same as Ai (where g, q are replaced by q^,q^). 
Hence (b) follows from (a). 

We prove (c). Note that Ayj is a closed subset of q^,, stable under the /S-action 
(hence under the C*-action) on i\yj (as in 2.1). By 2.2(c), the fixed point set of 
the C*-action on A^^ is the same as the fixed point set of the S'-action of A^^ that 
is, 

= {iz,P)e5;zeA\Peo{wf} 

and the map A^ — > A\ (restriction of / : q^ — > q}) restricts to an isomorphism 
A^* A\. Using 2.2(b) and the fact that A^ is closed in q^,, we see that 

(e) for any (2;', P') e A^, limA^o ^(z', P') exists in Ay^ and belongs to A^* . 
Let Z be a connected component of A^. Then = Z f] A^ may be identified 
with f{Z) hence is connected (a connected component of A^ = A\). Let Z' be 
a smooth C*-equivariant projective compact ificat ion of Z. We have Z^ G Z'^ ; 
let Z'l be the connected component of Z'^ that contains Z^ . Let Z2 be the 
set of all X E Z' such that lim^^o Ax exists in Z' and belongs to Z[. From (e) 
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we see that Z <Z Zl^^ hence Z'^ is dense in Z' . By a known result of Bialynicki- 
Birula, Z'2 is locally closed in Z' (hence open) and the map f : Z'2 ^ Z[ given by 
X 1-^ limA_»o Aa; is an affine space bundle. Let a; e = {x' e Z; f{x') = x}. 

We have 

dim/'~^(a;) = dim Z2 — dim Z{ = dimZ — dimZj < dim Z — dim < dimZ^. 
Since Z^ C f'~^{x) and f'~^{x) is irreducible, we see that we must have Z^ = 
f'~^{x) and dimZ*"' = dimZ(. Thus we have a cartesian diagram 

Z > Z^ 

Z^* > Z( 

(the horizontal maps are inclusions and the vertical maps are /,/')• It follows 
that f : Z ^ Z^ is an affine space bundle with fibres of dimension 

dim Z2 — dim Z'l = dim Z — dim Z'^ = dim — dim = 
-n + dim3q(0(/o)) - (-n + dim3qi (0(/o))) = dim3„(0(/o)). 

(c) follows. The lemma is proved. 
2.5. Let 

A = y + ini(f>ifo)), A^ =Anq^ = {y}, 

A' = y + U<Pifo)) + t, A'^ ^A'nq^ =y + t, 

A" = y + 3n(0(/o)) + 1., A"^ = A"nq^^y + V, 

where t = 3qi and ir = {x e t;^Q{x) = q^}. We have A (Z A' D A",A^ C A'^ D 
A"\ Hence A C A' D A",A\ C A'\ D A"\. We have 

(a) Al^{y}xV;, A'l ^ {y + t) x v;, A"l = {y + tr) x v;. 

From the definitions we see that, for w e W*, we have cartesian diagrams 

Au, > A 



A\ - 




A' 


— > A 



A'l > Al 
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Al > A 



A"\ > A\ 

where the horizontal maps are the obvious inclusions and the vertical maps are 
defined by {z, P) {f{z),P-). Using this and 2.4(c) we see that 
(b) the maps 

A ^ Al A' ^ A'} A" A"} 

defined by {z,P) i-^ {f{z),P') are affine space bundles with fibres of dimension 
dim3„((/)(/o)). 

Lemma 2.6. Let E be a connected algebraic group, let U be a closed normal 
unipotent subgroup of E and let T be a torus in E. Let e, /i, e' be elements of 
E_ such that [/i, e] = 2e, [/i, e'] = — 2e', [e, e'] = h and such that [d^e] = [d,e'] ~ 
[d, h] = for any d e T. Let u = U. Define ^ : U x 3u(e') x T ^ T x u by 
X, d) = {d, Ad(w)(e + x + d) — e — d). Then $ is an affine space bundle with 
fibres isomorphic to 3u(e). 

Let Z = Zjj. We show that there exists a morphism d L^, T — > Hom(Z, Z) 
and a morphism d^ L"^^'J_^ Hom(Z, ker(ad(e') Z_—>- Z_)) such that 

(a) z=[L'aiz),e + d] + L'^{z) 

for any z E Z_,d E 21- We can find a direct sum decomposition Z = Vfc where 
Vfe are vector subspaces of Z and linear forms ai, . . . , on T such that for any k, 
Vk is a simple sl2(C)-submodule of Z under ad(e), ad(/i), ad(e') and [d, v] — ak{d)v 
for any d e T,v e Vk- 

Let 6o,fc) ^i,fc) • • • ) bnk,k be a basis of T4 such that 

ad(e')6o,fe = 0, ad(e)6o,fe = -h,k, ad(e)6i,fe = -62,^, • • • , ad(e)6n^_i,fe = -bn^^k- 
For s < we set bg^k = 0. For s e [0, Uk] we set 

L'd{bs,k) = bs-i,k + ak{d)bs-2,k + a'k{dfhs-^,k H h ak{dy~^bo^k, 

L'd{bs,k) = cikidybo^k- 

This defines uniquely L^, L'^. It is clear that (a) holds. 
Next we construct for any d El^aiv isomorphism 

(b) p : {{z', z)eZx izie'y, [z' , e + d] + z = 0} 3^(e). 
This is by definition a direct sum over k of isomorphisms 

Pk : {{v', v)eVkX ker(ad(e') : Vk Vk); -ad(e + d){v') + v = 0} 
^ ker(ad(e') : Vk ^ Vk) 



CUSPIDAL LOCAL SYSTEMS AND GRADED HECKE ALGEBRAS, III 



15 



given by Pfc(co^>o,fc + Ci5i,fc H h 

We prove the lemma by induction on dim U. If dim t/" = 0, the result is trivial. 
Hence we may assume that dim [/ > and that the result is true when U are 
replaced by E = E /Z,U = U/Z, T is replaced by the image T of T in E and 
e, h, e! are replaced by their images e, /i, e! under E ^ E. (We have dimZ > 0.) 
Let ii = U_. The obvious map u — > u may be regarded as a surjective map of 
5l2(C)-modules; by the complete reducibility of such modules, this map admits a 
cross section as an 5[2(C)-module; in particular, the induced map 3u(e') — > 3u(e') 
is surjective. Let x 1— x be a linear cross section for this last linear map. Let 
tt I— > w be an algebraic cross section U ^ U for the obvious map U ^ U. 

Let {d,^) e T^x u; let ^ be the image of ^ under u — > u and let d be the image 
of d under the isomorphism T T induced by ^ We have 

^-\d, = {(«, a;) e f/ X 3u(e'); Ad(«)(e + x + d) = e + d + C}. 

By the induction hypothesis, 

X -. {{u,x) etJ X 3u(e'); Ad(u)(e + x + d) = e + J + ^j 

is an affine space isomorphic to 3ii(e). We have an obvious map : $~^(^) — > 

X. Its fibre at {u,x) G X is the set of all {u,x) G C/ x $u{e') x T such that 
Ad{u){e + X + d) = e + d + ^ and u = -uC, x = x + z for some E Z,z E ^zi f)- 
Note that Ad{u){e + x + d) — e + d + ^ + zo for some zq G Z. The equation 
Ad{u) {e + x + d) = e + d + $, can be written as Ad(wC) {e + x + z + d) = e + d + ^, 
or as Ad(C)(e + d + ^ + 2:0) + 2; = e + d + ^, or as Ad(C)(e + d) + z = e + d — zq. 
Setting C = exp(2;'), z' G we see that the fibre of at {u, x) may be identified 
with 

(c) {{z', z) eZx 3z(e'); Ad(exp(2;'))(e + d)+z^e + d- zq}. 
Since [Z, e + d] G Z, we have [z', [z',e + d]] = for z' E Z_ and (c) becomes 
{{z', z)eZx 3z(e'); W, e + d] + z= -zq} 

or 

{{z', z)eZx iz{e')- \z\ e + + ^ + \L'^{z^),e + rf] + L'j(2o) = 0}. 
By the substitution z' = z' -\- L'J^zq)^z = 2 + L^(2o), this becomes 

{{z\ z)eZx iz{e')\ [5', e + + S = 0}. 
By the isomorphism (b) this is identified with the vector space 3z(e). We see 
that $~"'^(^) is a vector bundle over X. Since X is an affine space, this vector 
bundle must be trivial (Quillen-Suslin) and therefore $~^(^) is itself an affine 
space isomorphic to 3z(e) x 3u(e) = 3u(e). The lemma is proved. 

Lemma 2.7. Let t' he the Lie algebra of a torus contained in Zqi. Let X = 
y + 3n(0(/o)) + t'- Let O he a Q-orbit on V . Assume that O is not good. Then 
Hi{Xo, t*) = for any j G Z. 

In this proof all local systems are deduced from C* and we omit them from the 
notation. 
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The assignment P t-^ P- defines a morphism tt : C — > where V' is a conjugacy 
class of parabohc subgroups of Q. The fibres of tt are exactly the t/g-orbits on O. 
It is enough to show that H^Xf, ) = for any fibre -F of tt and any z G Z, where 
Xp = {{z,P) e X;P e F} (see 2.1). We fix P G F; let p = P. Let 3^ = {{z, u) G 
X Uq; {Ad{u)z, P) e Q,z e X}. Define y ^ Xp hy {z, u) ^ {z, u-^Pu). This 
is a fibration with fibres isomorphic to Uq r\ P . It is then enough to show that 
Hl{y, ) = for any z G Z. Setting z — y = x + d where x G ln{4>{fo))^ d e t' and 
Cp = 7rp"'^(cp + Zp), we identify y with 

{(x, d, u) G 3n(0(/o)) X t' X Uq; Ad{u){y + x + d) e cp}. 
This maps to 

y = {{d, u) e t' X n;y + d + u e Cp} 
by (a;, d,u) u = (d, Ad{u){y + x + d) — y — d); this is an affine space bundle by 
2.6 applied to E = Q,U = Uq,T_ = t',e = = 0(/io),e' = 0(/o)- Hence it is 
enough to show that Hl{Y' , ) = 0. For any d G t' let 

y'^^ {u en]y + d + u ecp} 
be the fibre at d of pri : 3^' — > t'. By the Leray spectral sequence for pri, it is 
enough to show that Hi{y'^, ) = for any d e t' . Ify + d^n + p then y'^ = 'li 
and there is nothing to prove. Thus we may assume that y + d + uq e p for some 
1^0 G n. Setting ^ = y + d + vq & p n q, v' = v — vq, we may identify y'^ with 

y = (jy' e n; ^ + zy' G Cp} = {z^' G n n p; ^ + zy' G Cp}. 

Let R = {P n Q)Up (a proper parabolic subgroup of P since C is not good). Let 
R be the image of R under P i-^ P (a proper parabolic subgroup of P). The 
nil-radical ofPisnnp + f/p. Hence the nil-radical of R is 

m = (nnp + Up)/Up_ = (nnp)/(nn t/p). 

Let /c : n n p ^ ni be the canonical map. Let be the image of ^ under p ^ P. 
We have ^ G q hence G P. Let 

y = {// G ni; + /X G Cp + Zp). 

We have a cartesian diagram 



y - 


^ n 


k' 




k 


y" - 


> ni 



where the horizontal maps are the inclusions and k' is induced by k. Since k is 
an affine space bundle with fibres isomorphic to n fl Up , so is k' . It is therefore 
enough to show that Hl{y", ) = 0. This follows directly from the fact that C* is 
a cuspidal local system since Ui is the nil-radical of the proper parabolic algebra 
P of P and ^1 G P. The lemma is proved. 
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Lemma 2.8. Let S = dim3n(0(/o)), b = dimt. 

(a) We have Hi{A',t*) = 0, i^gX^i, £*) = for odd j. For any j we have 
dmiHi{A',t) ^^{W,) dim Ht^^-^H'Py, ^*)- 

(h) We have Hi{A,C*) = 0,H^^{Ai,C*) = for odd j. For any j we have 
dim H^JA,C*) = UW,)dimHi-^^{V;,C*). 

(c) Let D = dim^, D' = dim^'. For any j we have 

dimH^{A\jC) = dimiyf+2Z?_2o,+2,(i,£). 

We can arrange the Q-orbits on P in a sequence Oi,02, ■ ■ ■ , On so that Rm = 
Oi U (^2 U • • • U Om is closed in V for any m e [1, n]. We set Rq = 0. For any m 
we have 

(d) HiiA'o^,C*) = OfoToddj. 

(Indeed, if Om is not good, this follows from 2.7; if Om is good then, using 
2. 5(a), (b) we see that it is enough to show that H^iVyjC*) — for odd j. This 
follows from [L4, 8.6].) Using induction on m we deduce that 

(e) Hi{A'n^,C*) = OfoToddj. 

for any m. Taking m = n we obtain the first sentence of (a). For me [l,n] we 
have a cohomology exact sequence 

(f) ^ m{A'o^,n ^ m{A'n^,n ^ Hi{A'n^_^,n ^ o 

(we use (c),(d)). Using induction on m it follows that 

dimHiiA'^^,jC*) = Em'eiiM^^^'cU'o^,,^*)- 
Taking m = n we obtain 

dimif^(^',£*) = E^.e[i,n]diniiyg(i'o^,,£*). 
Using 2.7 and 2. 5(a), (b) we obtain the second sentence in (a). 

The proof of (b) is entirely similar (it is again based on 2.7 and 2. 5(a), (b)). 

We prove (c). The last equality in (c), in the non-equivariant case (that is 
the case where C is replaced by {1}) follows immediately from the equation 
dimHl{A',C*) = dimHi-'^''{A,£*) (see (a),(b)). The case where C is present 
can be deduced from the non-equivariant case using the existence of (non canoni- 
cal) isomorphisms of graded vector spaces 

iyf (A', t)^H*c® {A!, t) , (i, t)^H*c® {A, t) 

which follows from [L4, 7.2(a)] (which is applicable, by (a),(b)). The lemma is 
proved. 

(g) Remark. The following six conditions are equivalent: 
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(1) H:{Vy,C*)y^O; 

(2) iy*(P*,£*)^0; 

(A) H*{AuC*)^0; 

(5) H*{A',C*)y^O; 

(6) if:(^;,£*)^0. 

Indeed, we have (5) ^ (2) by (a), (3) ^ (2) by (b), (6) ^ (2) and (4) ^ (2) by 
2. 5(a), (b). It remains to show that (1) ^ (3). Using [L4, 7.2] (which is appUcable 
by the odd vanishing (b) and [L4, 8.6]) we see that (1) ^ (1') and (3) ^ (3') 
where 

(V) H^{Vy,C)^0; 

It remains to show that (1') ^ (3'). Let VyjA'^^n'-' be the fixed point sets 
of the C-action on Vy^A^n. Since C contains Zqi we have n*-^ = {0} hence 
Vy = A^ . By the locahzation theorem [L5, 4.4] (which is appHcable by [L4, 8.6] 
and (b)), the canonical if^-hnear maps {V^ , t) H^{Vy, t), {A^ , t) 

{A., C) become isomorphisms after the scalars are extended to the quotient field 
of Hq. Hence the canonical ilf^-linear map H^{Vy, t) — > {A, t) becomes an 
isomorphism after the scalars are extended to the quotient field of H^. Since the 
iyj-modules {Vy, C),H^ [A, t) are finitely generated, projective (by [L4, 7.2] 
which is applicable by [L4, 8.6] and (b)) it follows that (1') ^ (3'). 

The previous argument shows also that H^{Vy,C) — > H^{A,C) is injective. 

For a; e let Xg be the semisimple part of x. 

Lemma 2.9. Let Y = {x e q;^g{xs) G q}. 

(a) Y is an open dense subset of q. 

(b) Let z be an element in the image of pri : Y Y . There exists a Levi 
subgroup L of Q such that the following holds: for any P eV such that {z, P) &Y 
we have C P. 

(c) We have Y = V^wew^Yw 

(d) For any w e W^, there is a well defined isomorphism of algebraic varieties 
fw -Yw ^ Yi given by {x, P) ^ {x, P'). 

(e) For any w e W*, Yyj is open and closed in Y. 

We prove (a). Let S be the variety of semisimple classes of q/n. Then Y is the 
inverse image under q — > q/n — > «S (composition of canonical maps) of a subset Y 
of S. Let c be a Cartan subalgebra of q^. It is enough to show that Y is non-empty, 
open in S or that the inverse image YofY under the canonical open map c — »S 
is non-empty open in c. Now 

y = y n c = {x e c; 3g(a;) C q} = {a; G c; ^g{x) C q^}. 
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Let Rq (resp. R'q be the set of roots of g (resp. of q^) with respect to c. Then 
Rq C -Ro and 

Y = {x e c;{a e Rq; a{x) = 0} C Rq} = {x e c; a{x) Va G i^o - R'q}- 

This is non-empty, open in c; (a) is proved. 

We prove (b). We can find a Levi subgroup L of Q such that ^g{zs) C L. Let 
P e V he such that {z,P) G Y. We have z e P,7Lp{z) ^ Cp + hence Zg e 
P_tTLp{zs) € 3p. Hence Zg G 7Ep^(3p); that is Zg is contained in a Cartan subalgebra 
of TT_p^{])p). Equivalently, Zs E c where c is the centre of a Levi subalgebra P_^ of 
P. Since c is abehan, from Zg & c we deduce c C ig{xs) hence c <Z L. Hence 3l is 
contained in 3g(c) = P} . Thus, Il<zP_ and (b) foUows. 

We prove (c). Let {z, P) G Y . Let L, 3^ be as in the proof of (b). We have 3^ C 
P. Since z G 3q(a^s) C L, we have z E L hence [3^, 2] = 0. Then [TLpidiJilLpiz)] — 
0. By a known property of cuspidal local systems, the centralizer in P of an element 
in cp + 3p (in particular, Tip{z)) has a unique Cartan subalgebra, namely 3p. It 
follows that TLpi^L) (the Lie algebra of a torus) is contained in ^p. Thus, 3^ C 
TLp^idp)- Hence 3^ is contained in a Cartan subalgebra of 7rp"'^(3p). Equivalently, 
3l C c' where c' is the centre of a Levi subalgebra of P. It follows that 3g(c') (a 
Levi subalgebra of P) is contained in L hence is contained in q. In particular, the 
Q-orbit of P in P is good. Thus, {z, P) G Yy^ for some w G W^. This proves (c). 

We prove (d). Let (z, P) G Y^. Let L be as in (b). Then Z£ C P. By 2.1(b) 
(with S replaced by Z°) we have {z, P') G Yi. Hence the morphism fw -Y^ ^ Yi 
as in (d) is well defined. 

Assume that {z, P), {z', P') in have the same image under that is z = z' 
and P- = P'-. Let L be as in (b) (attached to ^ = z'). Then Z£ C P, Z£ C P'. 
Using 2.1(a) (with S replaced by Z£) we see that P' = P'' implies P = P' . Thus, 
/u, is injective. 

Now let (2;, Pi) G Yi. Let P be the unique subgroup in o{w)^ {S as in 2.1) such 
that P' = Pi. By 2.1(b) we have {z,P) G F^. We have fwiz,P) = {z,Pi). Thus 
/u, is surjective. We see that is bijective. We omit the proof of the fact that 
is a morphism. 

We prove (e). Let us first replace our cuspidal datum (see 1.4) by the cuspidal 
datum (B, {0}, C) where B is the variety of Borel subgroups of G. Let Y', Wl,Y^, 
he the analogues of Y,W^,Yw for this new cuspidal datum (Y is unchanged). 
Now Y( = {{Zj B); z E Y, B E B, B C Q, z E B} and pri : Y-[ Y is proper since 
{B;B E B,B G Q} is projective. Using the isomorphism Y^, — > Y( (as in (d)), 
we deduce that pri : Y^, — F is proper for any w' G W^. Hence in the cartesian 
diagram 

y'xyy:^, . y^, 



a 

Y' 
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the map a is proper. Hence the image under a of {(^,^') E Y' Xy Yw''i^ ^ ^w'} 
(a closed subset of y' Xy Y^,) is closed in Y'. But this image is just Y^,. We see 
that Y^, is closed in Y'. 

We now return to the cuspidal datum in 1.4. Let m : B — > V he the morphism 
given by m{B) — P where B G P. This induces a map from the set of Q-orbits on 
B to the set of Q-orbits on V, which can be viewed as a map fh : Wl — > W*. Let 
Y" = {{z, P);z eY,P eV,z e P}. Let m' : Y' ^ Y" be given by m'{z, B) = 
[z, m{B)). It is clear that m' is a proper morphism. Now 1" is a subvariety of Y" . 
The restriction of m' defines a proper morphism m" : m'~^{Y) — > Y. Since Y^, 
is closed in Y' , we see that Y^, n 'm'~^(Y) is closed in m'~^(y) (here w' G W^). 
Let w G W^. Since Uw'eWi;rh{w')=wyw' nm'~"^(y) is closed in m'~^{Y) and m" is 
proper, it follows that m" {U^/ ^w^-m^^^'^^^Y^, fl m'~^{Y)) is a closed subset of Y. 
It is clear that this subset is just Y^. Thus Y^ is closed in Y. Then Uwiew»Ywi is 
closed in Y hence its complement Yyj is open in Y. This proves (e). The lemma is 
proved. 

2.10. Let K be the direct image with compact support of C* under 

pn : {{z,Py,ze q/n;P e V*,ze P;7Lp{z) G cp + Zp) q/n. 

Let K' be the direct image with compact support of C* under 

pn ■.{{z,Py,zeq;PeV*,zeP;np(z) ecp + Zp}^q 

By [L4, 3.4(a)] applied to c{/Uq instead of g, K is an intersection cohomology 
complex (ICC) supported by 

%^{ze q/C^; 3PeV*,zeP; 7ip{z) e Cp + Zp) 

(a closed irreducible subset of (\/Uq) with a canonical H^j-action. Clearly, K' is 

the inverse image of K under the obvious vector bundle q — > c\/Uq. Hence K' is 
an ICC supported by 

Yo = {ze q;3P eV*,ze P;kp{z) G cp + Zp) 

(a closed irreducible subset of q) with a canonical Wj-action. 

If X is a subvariety of q, then K'\-^^ (a complex of sheaves on Xi) has a 

VFj-action inherited from K' hence there is a natural Wj-action on the hyperco- 
homology 

Hi{X,K'\^J=H^{X,,jr*). 
From the definitions we see that, if i : Xi — > X is the imbedding, the induced map 

i*:Hiix,n^Hiix^,n 

is compatible with the VFj-actions {Wj acts on Hl{X, £.*) as the restriction of the 
W^-action 1.9). 
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2.11. Let 

Yi = {zeq;3P eV*,zeP,Kp{z) ecp + Zp,i^{zs) CP}. 

We have Yi gYq. We show that 

(a) Yi is open dense in Yq. 
Clearly, Yi ^ 0. Since Xi = {z e q;3P e V, z e P,tLp{z) g Cp + Zp,3g(^s) C P} 
is open in 

Xo = {z eQ;3P eV,z e £, TLp{z) e d{cp) + Zp) 
(see [L5, 7.1]) it follows that Xi n Yq is open in Xq HYq — Yq. Hence to prove (a) 
it is enough to show that Xi (IYq = Yi. The inclusion Yi C Xi Yq is obvious. 
Conversely, let z e XidYo. Thus, z e q and there exist P eV,P' eV* such that 

z e P,z e P!,7Lp{z) E Cp + Zp,np,{z) G cl{cp>) + Zp,,^g{zs) C P. 
We have 7ip{zs) G Zp,7ip,{zs) G Zp,; hence there exists a Levi subalgebra [ of 
p and a Levi subalgebra i' of p' such that Zg G 3[,2s G 3i'. Then [ C 30(^s)- 
This, together with ^g{zs) C P_ implies I — ^q{zs). We also have I' C ])g{zs) and 
dim[' = dim! = dim }q{zs) hence [' = ^^{zs). Thus, I = 1'. Let c be the nilpotent 
orbit in ( that corresponds to cp under I P_ and also to cpi under [ P' . 
Now [ is a Levi subalgebra of p fl p' hence z = z' ^ z" where z' G I, z" G UpnP' are 
uniquely determined. We also have z = Zi + Z2 + Zs with Zi G c,Z2 G ji, ,23 G t/p 
and ;2 = z'l + Z2 + z'^ with 2;^ G cl{c),Z2 G 31,-23 G ?7 p/ . It follows that 2:3 G 
Up^r\P_' C UpnP' and 2:3 G t/p^flP C UpnP' - By uniqueness of the decomposition 
2; = 2;' + 2;" we then have 2:1 + 2:2 = 2;' = 2;^ + 2:2. Taking nilpotent parts we deduce 
zi = z'l. In particular, z[ G c. We see that 

zeP\P e V\TLp,{z) G Cp/ + Z£,,3g(2,) CP' 

hence 2 G Yi. This proves (a). 

Since Yq is irreducible, from (a) we deduce that Yi is irreducible. Now Y n Iq 
is closed in Y. Since Yi C Y, from (a) we deduce that Yi is open dense m.Y HYq. 
In particular, Y fl Yq is irreducible. 

The image of pri -.Y — >Y has image contained in Yq. (Indeed, by 2. 9(c), (d), 
the image of pri : Y — > Y is contained in the image of pri : Yi — > Y.) Thus 
we have maps pri : Y — > Y n Yo,pri : Y^,, — > Y n Yq. Taking the direct image 
with compact support of C* under pri : Y — > Y n Yq (resp. pri : Y„ — > Y n Yq), 
we get a complex of sheaves K' (resp. K'^) on Y fl Yq. From 2. 9(c), (e) we have 
canonically K' = ®wew^K'^ in the derived category. Since K' = K\Yr\Yo where 
K (as in 1.8) has a natural VF-action, we see that K' has a natural VF-action. On 
the other hand, W acts on hy w : wi ^ w * wi where w * wi is the element of 
minimal length in wwiWj. 

Lemma 2.12. For w eW and wi G we have wK'^^ = K'^^^_^. 

Clearly, K[ = KyriYo- (Note that YflYo is an open dense subset of Yq since Y is 
open in q and YPiYq ^ 0.) It follows that K[ is an ICC supported by YPiYq. Using 
2.9(d) we deduce that for any wi G W^, K'^^ is isomorphic to K[ in the derived 
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category. Hence K'^^ is an ICC supported by Y DYq. Since K' = ©^j^giy^X^^ 
we see that K' is an ICC supported hy Y (IYq. It is therefore sufficient to check 
the equahty wK'^^ = K'^^^^ over the open dense subset Yi of y n Yq- Using [L4, 
3.2(a)] we see that 

(Yi)' = {{z, P);zE Yi;^g{zs) is a Levi subalgebra of P}. 

Then W acts freely on (Yi)' by w : {z, P) ^ {z, P') where P' E V is defined by the 
condition that 2ig{^s) is a Levi subalgebra of P' and {P, P') is in the good G-orbit 
on V X V corresponding to w. The decomposition (Yi)' = U„^evF. (^i)wi clearly 
satisfies 

for any w E W,wi E Wi. Using the definition of K' and of the VF-action on it we 
see that wK'^^ = K'^^^_^ holds over Yi. The lemma is proved. 

Lemma 2.13. Assume that H*{Vy.,C*) ^ 0. Let t : A'l A" be the inclusion. 

The linear map 

Hi{A'\n C[W] ®c[Wj] HliAin 
defined by '^wew, w ® i*{w~^^) is an isomorphism. 
Let z G A" . We have z = y + n -\- 1 where n G n and t G t. 

By 2.8(g) we have i^*(P*, £*) ^ hence by [L4, 8.6] we have EuiV^) ^ 0. The 
set {P G P*, t G P} is the fixed point set of a torus action on hence it has the 
same Euler characteristic as V*; in particular, this set is non-empty. 

Let P G P* be such that t E P. Since n C P we have z E P. Since t G t, we 
have [t, x] E Uq C Up_ for all a; G q. In particular, [t, x] E Up_ for all a; G P hence 

(a) lLp{t) £ Zp. 

Thus, TLpi^) = Kpiy) + ILp{t) E Cp + Zp so that z E Yq. Now z and y + t have 
the same image in q/n hence Zg and t have the same image in q/n hence z^ and 
t are in the same Ad([/g)-orbit. Since t G t^- we have 3g(t) C q hence 3g(^s) C q 
so that z eY. Thus, z eYoHY. We see that A" gYoHY. Taking the direct 
image with compact support of C* under pri : A" — > A" (resp. pri : A'^ — > A") 
we obtain a complex of sheaves K" (resp. K'^) on A". This is the same as K'\_^'i 
(resp. K'^\_^"). Hence we have canonically K" — (Bwew^K'^ and from 2.12 we 
deduce that the VF-action on K" satisfies wK'^^ = K'^^^^ for any w eW and any 
wi E W^. Hence we have K" = ®weW:,u)Ki . It follows that we have canonically 

Hi{A",K'') = ®^^wMiA",K) = ®^ew.wHi{A",K'^) 

that is, 

m{A",t) = ®^ewM{K.n = ®^ew.wHi{A'Ut). 
The lemma follows. 
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Lemma 2.14. Let t' : A'l — > A' be the inclusion. The linear map 

Hi{A',n ^ c[w] ^c[wj] HiiA[,n 

defined by ^ 'I2wew, ® is an isomorphism. 

If H*{Vy, C*) = then the hnear map above is — ^ 0, by 2.8(g) and the result 
is obvious. Assume now that H*{Vy, C*) ^ 0. It suffices to prove the similar 
result where the ground field C is replaced by an algebraic closure Fp of the finite 
field Fp where p is a large enough prime (local systems and cohomology will be 
Z-adic, where I is a prime ^ p). We will assume (in this proof) that G has a fixed 
Fq-split rational structure {Fq C Fp has q elements) with Frobenius map F, that 
y, c, Q, are F-stable and that we are given an isomorphism F* C — > C which 
induces on any stalk at a point of c[Fq) a map of finite order. Moreover we assume 
that any nilpotent orbit in g or q is defined over Fq and that any irreducible local 
system over such an orbit is defined over Fq. Using the Z-adic analogue of Lemma 
2.13 and taking pure parts we obtain an isomorphism 

where Hi{?,?)pure is the part of iy^(?,?) where the Frobenius map acts with 
eigenvalues A such that any complex absolute value of A is q^/'^. It is then enough 
to show that 

(a) Hi{A",cnpure = m{A',n, 

(b) H^,iA':,,np^re^H^ciK,n 

for any w e W*. 

We prove (b). Using 2.5(b) (or rather its analogue over Fp) we see that it is 
enough to show that 

Using 2.5(a) (or rather its analogue over Fp) we see that it is enough to show that 

HiHy + tr) X V;,C*)pure = Hl{{y + i) X P*,£*). 
Using Kiinneth's theorem, we see that it is enough to show that 

(c) Hi(v;,t)pure = Hi(v;,t), 

(d) Hi{ir.Al)pure = Hi{iAl)- 

Since is the complement in t of a finite set of hyperplanes, the eigenvalues of F 
on Hi{ir, Qi) are easily seen to be of the form gfJ'-dimt ^g^g \Le]) and (d) follows. 
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Now (c) is a special case of 

(^) H^{J-^xi^ ^pure — H^(T-^xj ^ )) 

(for any nilpotent element x G Q{Fg)) obtained by replacing G by Q^- To prove (e) 
is the same as to prove that the eigenvalues of F on the stalk at a; G Q{Fq) of the 
j-th cohomology sheaf of K have complex absolute value q^^'^. Now the restriction 
of K to the nilpotent variety of g is of the form (Bo,£Vo,£ ® ICC{cl{0),£) where 
O runs over the nilpotent orbits in g and S are irreducible local systems on O that 
are linked to our fixed cuspidal datum by the generalized Springer correspondence 
[L2, Sec. 6]; Vo,£ are certain multiplicity spaces. It is then enough to prove that 
for any of these ICC{d{0),£), the eigenvalues of F on the stalk at x G g{Fq) of the 
j-th cohomology sheaf have complex absolute value g-^/^ (this holds by [L3, 24.6]) 
and that F acts trivially on each multiplicity space Vo,£- These multiplicity spaces 
can be viewed as multiplicity spaces of the various irreducible representations of 
W in the regular representation of W hence F acts on them trivially. This proves 
(e) hence (c) and (b). 

We prove (a). We can arrange the Q-orbits on P in a sequence C2, . . . , On 
as in the proof of 2.8. Thus, Rm = Oi U O2 U • • • U Om is closed in V for any 
m G [1, n]. We set Rq = 0. 

To prove (a) it is enough to show that 

(■^Rrn ' )pure = {■^R^ 1^)1 

for any m G [0, n]. We argue by induction on m. For m — the result is trivial. 
Assume now that m > 1 and that the result is known for m — 1. We have a 
cohomology exact sequence 

(we use the fact that A'^^ is empty if is not good, see 2.9(c), and is both 
open and closed in A" if Om is good, see 2.9(e). Taking pure parts in this exact 
sequence gives again an exact sequence 

> H^(^Aq^, C )pure ^ ^ci'^Rm^ )pure ^ ^ci-^Rm-i^ )pure ^ 0. 

This exact sequence together with the exact sequence 2.8(f) are the rows of the 
commutative diagram 

>■ H^[AQ^,)pure ^ -^c ("^fl^ ' )pure ^ -^c ("^fl^-i ' )pwre * 

> m , ) ^ Hi {J^^^ , ) . Hi {J^^^_^ , ) . 
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where the vertical maps are induced by the obvious open imbeddings and the 
symbol C* is omitted in the notation. Now the left vertical map is an isomorphism. 

(If Om is good this follows from (b); if Om is not good this follows from the fact 
that Hl{A'(^^^, t*) = 0, see 2.7, and that A^^ = 0, see 2.9(c).) The right vertical 
map is an isomorphism by the induction hypothesis. It follows automatically that 
the middle vertical map is an isomorphism. This proves (a). The lemma is proved. 

Lemma 2.15. Let l' : A'l — > A' be the inclusion. The HQ-linear map 

(a) C[W] ^c[Wj] H^{A[,J^) ^ H^iA',JC) 

defined by w <S> ^ ^ '^'^{{0 ^'^ isomorphism. 

By [L4, 3.8] (which is applicable in view of 2.8(a)), the two sides of (a) are 
finitely generated projective if^-modules which after applying H'^^^h^ become 
the analogous objects with C replaced by {!}. Now (a) is an isomorphism when C 
is replaced by {1} (we take the transpose of the isomorphism in Lemma 2.14). We 
see that the lemma can be deduced from the following statement which is easily 
verified. 

Let TZ be the polynomial algebra over C in the indeterminates Xi, X2, . . . ,Xn 
graded by deg(a;j) = 2 for all i. Let X be the ideal of TZ generated by xi, X2, • • • , Xn- 
Let M, M' be two N-graded free 7e-modules and let / : M ^ M' be an U- 
linear map compatible with the gradings such that / induces an isomorphism 
M/IM ^ M'/IM'. Then / is an isomorphism. 

The lemma is proved. 

Let i : ^1 — > ^ be the inclusion. Consider the iJ^-linear map 

(b) H ®H' (V; , t) ^ {A, t) 
given by the composition 

H®H' H^{V;,C) = C[W] 0c[Wj] H^{V;,C) ^ C[W] ®c[wA H^{Ai,C) 
(c) 

where a is given hj w ® ^ h- > wi\{^) and p : Ai ^ B* is the affine space bundle 
{z,P) ^ P. 

Theorem 2.16 (Strong induction theorem). The W -module structure and S- 
module structure on {A, C) define an H-module structure on {A, C). More- 
over, the map 2.15(b) is an H-linear isomorphism. 

By the argument in 2.8(g), we have a natural i7^-linear imbedding H^{Vy, C) — s>| 
{A, C) which becomes an isomorphism after the scalars are extended to the 
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quotient field of Hq. Since the VF-module structure and S-module structure on 
H^iVy^C) are known to define an H-module structure, the same must then hold 
for H^{A.,jC) (which is projective over -f^^). This proves the first assertion of the 
theorem. 

To prove the second assertion we may assume by 2.8(g) that H*(Vy^C*) ^ 0. 
The composition of C C G x C* with G x C* C* is surjective, as we see from 
the Morozov-Jacobson theorem for |/ G q^. Hence the image under the induced 
homomorphism Hq» — > of the generator r is a non-zero element of Hq denoted 
again by r. It is enough to show that a in 2.15(c) is an isomorphism. Recall from 
2.8 that h = dimt. We show that 

(a) the map : ifj^(^i,£) — * Hj\^2bi^iT^) induced by the inclusion ti : 
A ^ A' is injective and its image equals r^Hj'{A'i,C). 
Recall that 

A[ = {{z, P)es;zey + }nWo)) + 1, P c Q}, 
Ai = {{z,P)eQ;zey + 3n(<^(/o)), P c Q}. 
We have an isomorphism 

(b) A; : ^1 X t ^ A[ 

given by ((y + n, P), t) i— > {y + n + t, P) where n e 3n(0(/o))j t & i. (We use the fact 
that t C TT_~^{Zp) + Up_ for any P G V*, see 2.13(a).) Note that k is C-equivariant 
where the action C X tis {{g,X),t) ^ \-H. 

This implies, by [L4, 1.10(b)] that the image of is Y^Hf{A'i,t). Since 

^ in and {A'^^ C) is projective over H^, we have 

dimr''iyf (i'l, t) = dim iff (^;, t) = dim iff (^, £). 
(The second equality follows from (b) and [L4, 1.4(e)].) Hence must be an 
isomorphism onto r^'iff (^^ , £) . This proves (a). 

As in 2.8(c), let D = d\mA,D' = dim^'. Let Di = dimAi,D[ = dim^^ so 
that D[ = Di + b. 

From 2.15 we have H^{A', t) = Y^wew ^"Hf-2D'+2D[ i-^i^ and u : H^{A, C) 
H^{A',C) (induced by the inclusion l : A ^ A!) is VF-equi variant. Hence from 
(a) we can deduce that 

v'Hf{A!,t) = J2 wr'H^_2^,^,^,{A[,C) C w{i^),Hf_2^,^2^,^{Aut) 

^ '^^^■Hf-2D'+2D'^+2D-2Di{'^i^) '^^■Hf-2D'+2D'^+2D-2DS^-'^)- 

Thus, 
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It follows that 

dimr^i?f = dimi?f < dimi,iyf_2^,+26+2i?(i, £) 

(AC). 

These inequalities must be equalities since dim Hj"{A', C) = dim -H^^2D'+26+2d("^' ^)\ 
(see 2.8(c)). It follows that 

2r»'+26+2D("^' i\ is an isomorphism onto its 

image. 

From 2.15(a) we deduce 

C[W] ^c[Wj] r'Hf{A[,C) ^ Hf^^D' -2D'S^ . ^) 
which by (a),(c) becomes 

The theorem is proved. 

2.17. Let V be a finite dimensional C- vector space with an algebraic action of 
C. let \y] G Hq be the element corresponding (as in [L4, 1.11]) to the regular 
function — >^ C, ^ i— > det(^, V). Here ^ : V — > F is given by the associated 
Lie algebra representation of C_ on V. Now E = 3n(0(/o)) is a C-module for the 
restriction of the G x C*-action on q. Hence [E] is a well defined element of Hq. 

Note that E = ker(a(i(/o) : n — > n) = coker(ad(eo) : n ^ n) canonically. 
(Indeed, we have n = ker(a(i(/o) : n — > n) © Im(a(i(eo) : fn ^ n) since n is an 
5t2(C)-module.) 

Lemma 2.18. (a) The homomorphism H^{Vy.,C) H^{Ai,C) induced by the 
inclusion V* C Ai is injective. 

(b) The homomorphism H^{Vy, C) —>■ H^{A, C) induced by the inclusion Vy C 
A is injective. 

(c) We have [E]H^{Ai,t) C (P*,£). 

(d) We have [E]H^ {A, t) C H^iVy.t). 

(b) has already been noted at the end of 2.8. An entirely similar proof yields 
(a). 

We prove (c). We have an isomorphism 

iu{<t>{h))xv;^A^ 

given by (n, P) ^ {y + n, P) (we use the fact that 3n(^(/o)) C n C Up_ for any 
P E V*). Under this isomorphism, the inclusion V* C Ai corresponds to the map 
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~^ 3n(0(/o)) X 'Py given by P i-^ (0,-P)- Now the result follows using [L4, 
1.10(b)]. 

We prove (d). Using 2.16, (c) and the fact that the homomorphism in (b) is 
VF-equi variant, we see that 

[E]H^{A,C) = [E] J2 wH^{Ai,C) = J] w[E]H^{Ai,C) 
The lemma is proved. 

2.19. From 2.18 we see that we have a natural isomorphism 
We combine this with 2.16; theorem 1.17 follows. 

3. Proof of Theorems 1.15, 1.21, 1.22 

3.1. Until the end of 3.8, let P, L,T,W{L), R,C be as in 1.6. Let = {a e 
R]2a ^ R}. Then Ri is (reduced) root system in T* with Weyl group W{L). 
For i E I, the set -Ri fl {ai, 2ai} consists of a single element; we call it a'^. Then 
{q!-; i e /} is a set of simple roots for Ri. We have g"* C Up . 

3.2. Let (j)o : sl2{C) — > L be a Lie algebra homomorphism such that 4>o{eo) G C. 
(Such (po exists by the Morozov-Jacobson theorem.) Let Z = Z {lm{(j)Q))'^ . (A 
connected reductive subgroup of G.) Then Z = 3(Im(0o))- 

Lemma 3.3. (a) T is a maximal torus of Z. 

(h) Let Nz{T) be the normalizer ofTinZ so that Nz{T)/T is the Weyl group of 

Z. The obvious homomorphism Nz{T) /T — > N(T)/L = W{L) is an isomorphism. 

(c) We have f] Z = Lf] Z = T. For any a E Ri we have dim(0" fl Z) = 1. 
Hence Ri is the root system of Z_ with respect to T. 

(d) Pr\Z_ is a Borel subalgebra of Z_. 

(e) The map J Pj H Z_ is a bijection between {J; J C /} and the set of 
parabolic subalgebras of Z_ that contain Pr)Z^. 

(f) lz=U- 

For (a) see [L4, 2.6(a)]. For (b) see [L6, 11.7(b)]. For (c) see [L4, 2.9]. For (d) 
see [L6, 11.7(a)]. 

We prove (e). The map in (e) is well defined by (d). This is a map between two 
finite sets of the same cardinal, 2*^^^ . To show that it is bijective, it is enough to 
show that it is injective. Let J, J' be two subsets of / that satisfy Pj_r\Z_ = Pjt r\Z_. 
We must show that J = J'. We have Pj^Pj^ = Pjnj' - Then Pjn^ n^ = Pjr\Z_ 
I ' - n Z and it is enough to show that J D J' = J and J H J' = J'. Thus we are 
reduced to the case where J <Z J' . Assume that J ^ J' . Let i E J' — J . Then 
Pi^ C i>, Pi^<t Pj^. Using 1.6(a) with Q = Pj we see that E n Pj = where 
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E = 5""* ©0-2«i. Note that E c Pj^. Let E' = EnZ. We have E'n{Pj_nZ) = 0, 
E' G Pj^nZ. Since dim(E') = 1 (by (c)), we deduce that Pj D Z ^ Pj' D Z, a 
contradiction. This proves (e). 

We prove (f). Since C it is enough to show that the two centres have the 
same dimension. From (a) and (c) we see that dim 3^ = dim(T) — tl(/). It is easy 
to see that dim3g = dim(T) — tt(-^)- This proves (f). The lemma is proved. 

3.4. Let V and let D be the unique P-stable line in V. For any v E D,x E T 
we have xv = ^vix)v where £ T* corresponds under the obvious isomorphism 
T ^ P/[P,P] = ^ to the vector of f)* denoted in 1.19 again by Now {x e 
0; xD C D} = Pk_ for a well defined K C I. We then say that V e Ik- We say 
that V G if y G Xk and acts as on V. 

Let i E I. Then {^v'^V £ ^/_{iT.} = {^i, Stu^, StUi, . . . } where Wi G T* (or 
Wi G I)*) is well defined; we have tUj = where A* G ^j-^iy is well defined up to 
isomorphism. 

3.5. Let X"^ be the collection of all simple finite dimensional Z-modules on which 
3z acts as 0. Let V G X'° and let D' be the unique (PnZ)-stable line in V. There 
is a unique vector ^'y, G T* such that xv = ^vi{x)v for any v G D',x G T. Also 
{x G Z; xL*' C D'} = PkHZ for a well defined K C / (see 3.3(e)). We then say 
that V G 

Let z G /. We have {^v'^V G ^r'^.^^}} = {w[,2w-,3zu-, . . .} where ro- G 
T* is well defined; we have w!^ = where A^ G I'^_^j^y is well defined up to 
isomorphism. 

Lemma 3.6. Let i E I. We have zui = riiW^ for some Ui eN — {0}. 

Let D be the unique P-stable line in A*. Then Pj__^ij = {x E Q]xD C D}. 

We may regard A* as a Z-module by restriction. In this Z-module, 3^ acts as 
(see 3.3(f)) and D is stable under the Borel subalgebra Pr\Z_ (see 3.3(d)) of 
Z. Hence the Z-submodule V' generated by D is simple. Clearly, {x G Z; xD C 
D} = Pi-{i} nZ. Thus, V G X'°_^.}. From the definition, we then have Wi E 
{wl, 2zul, 3wl, . . .}. The lemma is proved. 

3.7. Let X = Hom(T, C*) (homomorphisms of algebraic groups). The differential 
gives an imbedding d : X \)* whose image A' is a free abelian group such that 
C^X ^[)*. Let[)n = {x E[):^ix) eR E X}. 

Under the obvious isomorphism T ^ P/[P, E] — f), f)R corresponds to a subset 
TRofT. 

We shall need the following variant of a lemma of Langlands. 

Lemma 3.8. Assume that G is semisimple. 

(a) For any / G I^r there is a subset J of I and a decomposition f = ^ f + ^ f 
with V e Tr such that 



a^Cf) <OifiEl-J, a,Cf) ^OifiE J, 
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^rCf) > z/i e J, w,Cf) ^Oifiel-J. 

Moreover, J, '^/, ^/ are uniquely determined by f . 

(b) If fj' e i)n satisfy Wi{f) < Wi{f') for any i e I then Wi{^ f) < Wi{^f') 
for any i & I. 

Using the isomorphism T [) in 3.7, we see that the statement above is 
equivalent to the one where i), [)r, are replaced by Tl^Tn- Moreover, if ai,zui are 
replaced by Q;-,ti7-, then these statements hold by Langlands' lemma [BW, IV, 
6.11-6.13] applied to the root system Ri of Z with respect to T. However this 
replacement does not affect the statements since a'-, zu'- differ from ai,zUi only by 
rational > factors (see 3.1, 3.6). The lemma is proved. 

3.9. In the remainder of this section (except in 3.42) we fix j/ e Qn, r G C and 
c G 9ss with [it, y] = 2ry such that 

(a) Eu{V^) ^ 
where 

P'^ = {P eV;a e P}, V^ = V''n Vy 

and Eu denotes Euler characteristic. Condition (a) is equivalent to each of the 
following conditions. 

(b) Euler{Vy) + 0, 



(c) iy,(p„£)^o. 

The equivalence of (a),(b) follows from the conservation of Eu by passage to the 
fixed point set of a torus action. The equivalence of (b),(c) follows from the 
vanishing theorem [L4, 8.6]. 

If r 7^ 0, conditions (a),(b),(c) are also equivalent to the condition 

(d) Ey^^^r ^ 0. 

The equivalence of (c),(d) follows from [L4, 7.2] (which is applicable in view of 
[L4, 8.6]). 

Lemma 3.10. Let Q G ^ and let be a Levi subgroup of Q. Assume that y,a 
are contained in . Then {P eV^;P (ZQ} 0. 

We may use the argument in the second paragraph of the proof of 2.13 (replacing 
t by a). 
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3.11. By a variant of the Morozov-Jacobson theorem (see [KL, 2.4(g)]) we can 
find h,y in Q such that 

y] = -"^ry, [y, y] = h, [h, y] = 2y, [h, y] = -2y. 

Then [a, h] = 0. 

We now assume that r ^ 0. We fix r : C — R as in 1.20. 
Let F be a finite dimensional g-module. We have 

V = ®aecVa where Va = {x e V; ax = ax}, 

y = ®nez(n^) where „F = {x &V\hx = nx}. 
Since [cr, /i] = 0, the maps v ^ av,v ^ hv from V to V commute hence 

V = ®n,a;neZ,aec{nVa) where nK = nV D Va- 

We have 

V = ®b€nV where V = ®n,a;Tia)/r{r)^n+binVa). 

These definitions can be apphed in particular with V replaced by g with the ad 
action of g. We have 

y e 202r, h e oflo, y' e -2S-2r, o- e oflo- 

Prom the definition we have 

X e nQa,V e n'Va' =^ XV E n+n'Va+a' , 

xe\,ve ^'v =^ xve ^+^'v. 

3.12. We define Q E^ and a Levi subgroup of Q by 

Q = ®n,a;T{a)/T{r)<n{n9a) = ®b;b<o'^9i 
Q = ®n,a;T{a)/T{r)=n{nda) = ®6;6=o''0- 

Then 

« = ®n,a;T(a)/r(r)<n(n0a) = ®6;6<o''5 

is the nil-radical of Q. Also, y, h, y, a are contained in Q^. Now a.d{a), a,d{y) define 
endomorphisms of n whose commutator is 2rad(y). Hence ad(cr) maps 

yVi = coker(ad(y) : n ^ n) 

into itself. 
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Lemma 3.13. ad((j) — 2r : yU yU is invertible. 

An equivalent statement is that any eigenvalue of ad(a") — 2r on 

(a) COker(ad(y) : ®n,a;T{a)/T{r)<n{nQa) ®n,a;T{a)/T{r)<n{nQa) 

is ^ 0. Now (a) is a quotient of ©n,a;n<o,T(a)/r(r)<n(n0a) which is itself a quotient 
of 

(b) 

and it is enough to show that any eigenvalue A of ad(cT) — 2r on (b) is 7^ 0. We 
have A = a — 2r for some a e C such that T{a)/T{r) < 0. Then T(A)/r(r) = 
T(a - 2r)/T{r) = T{a)/T{r) - 2 < -2. In particular, A 7^ 0. 

Lemma 3.14. Let z & G be such that Ad{z)y = 2cy, Ad{z)a = a for some c e C. 
Then z eQ. 

We must show that A(i{z)x e Q for any x e Q. We may assume that x e nQa 
where T{a)/T{r) < n. We have [a, Ad(2;)a;] = Ad(2;)[cr, a;] = Ad(2;)(aa;) = aAd(^)a;. 
Thus, Ad{z)x G G^. Since Ad{z)y = 2cy for some c, z belongs to the parabolic 
subgroup of G corresponding to ©m>o(mS)- Hence Ad{z){x) e Ad{z){nG) C 
(mg)- We see that 

Ad[z)[x) G ®m;m>n{mQa) C ®Tn;T{a) /T{r)<m{mQa) C Q. 

The lemma is proved. 

Lemma 3.15. (a) Q is independent of the choice of h,y. 
(h) We have M{y,a) C Q x C* . 

We prove (a). Any other choice of h, y is of the form h' , y' where h' = Ad{z)h, 
y' = Ad{z)y for some z E G such that Ad{z)y = y, Ad{z)a = a. (See [KL, 
2.4(h)].) Let Q' be attached to h',y' in the same way as Q is attached to h,y. 
Then Q' = zQz'^. By 3.14 we have z e Q. Hence Q' = Q. 

Wc prove (b). Let ((7, A) G M{y,a). We can find an element gi in the one 
parameter subgroup of G corresponding to h such that Ad{gi)y = X^y. Since 
h G Q^, [a, h] — 0, we have gi ^ H Z(a). Replacing {g, A) by {ggi^, 1) we see 
that we are reduced to the case where A = 1 and g G Z{y) fl Z{a). 

Since g G Z{a) we have Ad{g){Qa) = 0o for ah a. Since g G Z{y), we have 
Ad{g){nQ) C ®n';n'>nin'd)- Hcucc Ad{g){nQa) C ®n' in'ynin' Qa) for any n,a. 
Using this and the definition of Q (see 3.12) we see that Ad{g){Q) C Q. Hence 
g E Q. The lemma is proved. 

Lemma 3.16. Let a\y',h',y' he another quadruple like a,y,h,y. Define Q' in 
terms of a' ,y' , h' ,y' in the same way as Q was defined in terms of a,y,h,y. As- 
sume that Q = Q' = G. Assume that there exist P G Vy and P' G V^i such that 
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the image of a in P/[P,P\ — i) coincides with the image of a' in E! /[P' ,P!] — f). 
Then there exists g & G such that Ad{g) carries {a,y,h,y) to (a' ,y' ,h' ,y'). 

Replacing (cr', y', h', y') by a G-conjugate we may assume that P' = P and 

7rp(cr) = a-i,7rp(cri) = a[, TTp{y') = TTp{y) = yi, 

TTp{h') = TTp{h) = hi, TTp{y') = TTp{y) = yi, 
where yi e cp and 

[yi^yi] = hi, [hi,yi] = 2yi, [hi,yi] = -2yi, 

[ai, yi] = 2ryi, [ai, yi] = -2ryi, 

[(T[,yi]=2ryi,[a[,yi] = -2ryi. 
Moreover a"i and a[ have the same image in P/[P, P\. Hence x = ai — a[ E [P, P]. 
We have [x,yi] — 0,[x,yi] — hence [x, /ii] = 0. Since yi is a distinguished 
nilpotent element of P, the centralizer in [P_,P] of yi, is 0. Thus, x = so 

that (71 = o-[. Let L be a Levi subgroup of P. Since u, a' G P, there exist g,g' E P 



Ad{g)a e L, 7Tp{a - Ad{g)a) = 0, Ad{g')a' e L, 7Tp{a' - Ad{g')a') = 0. 

Hence 7rp{Ad{g)a) = ai = a[ = 7rp{Ad{g')a'). Since the restriction of ttp to L is 
injective, it follows that Ad(^)cr = Ad(^')cr'. Thus, cr, a' are conjugate in G. 

Replacing (cr', y', h', y') by a G-conjugate we may assume that a' = a. We show 
that 

(a) y belongs to the (unique) open orbit of Z{a) on Q2r- 
Let G' be the connected reductive algebraic subgroup of G such that 



Note that y,h,y are contained in G'. Let nG' = nfl H G' . Since in our case, 



Z{a) is equal to the centralizer C{h) of h in G'. We are reduced to the following 
known statement about 5l2-triples in G': y belongs to the open orbit of C{h) on 
2G'. Thus, (a) holds. 

Similarly, y' belongs to the (unique) open orbit of Z{a') on {x G g; [cr', x] — 
2rx}. Since cr = cr', we see that both y and y' belong to the unique open orbit of 
Z(cr) on 02r- In particular, y,y' are conjugate under an element in Z{a). 

Replacing {a, y', h' , y') by a Z'(a")-conjugate we may therefore assume that y = 
y' . As in the proof of 3.15, we can find z E G such that Ad{z)y = y,Ad{z)a = 
a,h' = Ad{z)h,y' = Ad{z)y. Replacing {a,y,h',y') by its Ad(2~^)-conjugate we 
may therefore assume that (cr', y', h', y') = (cr, y, h, y). The lemma is proved. 

Lemma 3.17. We have {P e ; P C Q} ^ 0. In particular, Q G Vk for a well 
defined K <Z I. 



such that 



G' = e, 



'meZ02mr- 




This follows from 3.10. 
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3.18. Let V eXj where J C I. For any P e let Dp be the unique P-stable 
hne inV. If P E , we have necessarily Dp C for a unique a e C; we set 
I'viP) = cb- Let 

by = min(6 eIl;^V ^0). 

The following result is closely related to [LI, 2.8, 2.9], [KL, 7.3]. 

Lemma 3.19. We preserve the setup of 3.18. 
(a) IfPeV.ye P, then t{pv{P)) /T{r) > by 
(h) IfK = J,PeV'',yeP,P<^Q, then T{iyv{P))/r{r) > by 

(c) IfPeV^PcQ, then Dp c ''^V. 

(d) IfK = J,PeV'',PGQ, then t{vv{P)) /T{r) = by 

From 3.11 we have 

nV C e6';6'<6''V,QV C e6';6'<6''V. 

Hence n^^'V = O^Q^^'V C ^""V. 

Let P be as in (a) and let v e Dp — {0}. We have v e Viy^(^py We write 
~ 'l2m(rnv) where G mViyv(P)- Siuce V 0, there exists n such that nV 7^ 0. 
Since y is nilpotent in P, we have yv = hence y{mv) = 0. Since y e 2d2rj 
we have 

y{mV) e m+2Vi,^(P)+2r- 

Since J2m yimv) = and the sum Y^^im+29tyv{p)+2r) is direct, we have yimv) = 
for all m. In particular, y{nv) = 0. From y(n'i') = and „v 7^ we sec, using the 
representation theory of s[2 that n > 0. Since is a non-zero vector of nV,yviP) 

r(!.v(P))/r(r)-ny b' y ^ q ^j^^ggg ^/ > ^J^^^^ t(z/v. (P) ) /T(r) - n > 6^- 

Since n > 0, we must have T{iyv{P))/T{T^)) > ^v- This proves (a). 

In the setup of (b), assume that T{i'v{P))/T{r) by- Then, by (a), we have 
T{i'viP))/T{r) = by- Also, in the proof of (a) we must have „v 7^ n = 

so that V = ov e oKv(P) and v e ^(^^(■P))/^^-^^ = '^^V. Thus, Dp C ^^F. By 
assumption, V contains a line D such that {x G 0; xD C -D} = Q. This implies 
that {v E V;nv = 0} = D. (See the argument in 1.19.) Since n^^V = 0, it follows 
that ^""V G D. Since Dp C ''^F, we have Dp G D hence Dp = D. Since Dp is 
P-stable, we see that D is P-stable hence by the definition of D we have P_ C Q 
so that P C Q. This proves (b). 

Next, assume that P is as in (c). Since Q^^V C ^^V, we have P'^^V C ''^F. 
Let b be a Borel subalgebra of P. Then b^^V C^^V and, by Lie's theorem, there 
exists an b-stable line L in ^^V. This is necessarily the unique b-stable line in V. 
Since Dp is b-stable we must have L = Dp hence Dp C ^^V. This proves (c). 

In the setup of (d), V contains a line D such that {x e G; xD C D} = Q. Now 
D is P-stable, hence Dp = D. Since h is contained in the derived subalgebra of 
Q, it acts as zero on the Q-stable line D. Hence D C o^- We have Dp G V^^(p) 
hence D C V^^(p)- As in the proof of (b) we have ^^V C D; this must be an 
equality since dim^^y > 1, dimD — 1. From D C qV,D C Vi^^(^p^,D = ^^V we 
deduce T{uv{P))/T{r) — by- This proves (d). The lemma is proved. 
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Lemma 3.20. In the setup of 3. 18, assume that Q = = G. Let P' e Vj' where 
J' <Z J and let L' he a Levi subgroup of P' . Assume that u, y, h, y are contained in 
U- IfP^V.Pc P', then T{uv{P))/T{r) = by 

Clearly, Q^^V C ''V for any b. Since = Q, we see that is a 0-submodule 
of V. Since V is simple, we have V — for some b. Since 7^ 0, we have 
V = ^^V. Since P' G Vj', there exists a P'-stable line D in V. From our 
assumptions, we have h G [P_\P_']- Hence HD = so that D C o^- Since a G P', 
we have aD C D hence D G Va for some a. Thus, D CoVaC ria)/r{r)Y_ rj.^^^ 
T{a)/T{r)Y ^ 0. Now = ^ unless b = by Hence T{a)/Tlr) = by Since P C P', 
we have P_D C D. Hence Dp = D and a = uyiP)- The lemma is proved. 

Lemma 3.21. {P eVy^P C Q} is open and closed in Vy . 

(Compare [KL, 7.4].) We can find V e Xj with J = K. In terms of this V we 
define vy '■ V"^ — > C and by as in 3.18. Since is compact, vy ^ C is 

constant on any connected component of , hence it is locally constant. Hence its 
restriction fy : Vy — C is locally constant. Hence {P G Vy', T{iyy{P))/T{r) = by} 
is open and closed in Vy . By 3. 19(b), (d), we have 

{P G V^; T{MP))/r{r) = by} = {P e V^; P C Q}. 

The lemma follows. 

3.22. Let i/j : — > i)he the morphism whose value at P is the image of cr G P in 
P/[P:E\ — f)- This must be locally constant since is compact and I) is affine. 
From the definitions, we have 

^yii;iP))^Uy{P) 

for any F gT,P G V^. 

Lemma 3.23. IfVeIj,J = K,PeV'',yeP,P<^Q and P' G V , P' C Q, 

then 

t{^v{^{P)))/t{t) > T{iy{^{P')))/T{T). 

In view of 3.22, an equivalent statement is T{vy{P)) /T{r) > T{vy{P')) /T{r) 
and this follows from 3.19(b),(d). 

3.24. Since [a, h] = 0, we have a - rh E Qss- Let 7?^-'"'^ = ^p ^p.^-rhe P}. 

Lemma 3.25. Let A = {P e V'''^; P C Q}. 

(a) We have A ^ 0. 

(h) For P eA, lettp he the image of a - rh in = Let V el. We 

have r(^y(tp))/T(r) = by. 

(c) tp is independent of the choice of P & A. We denote it by t. 

We prove (a). We have a — rh E Q. Hence there exists a Borel subgroup B of Q 
such that a — rh E B_. By 3.17, we have {P E V; P <Z Q} ^ ^. This is a conjugacy 
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class of parabolic subgroups of Q hence at least one of its members contains B. 
This proves (a). 

We prove (b). Let Dp be as in 3.18. We have V = ©cgc^''''^ where 

^'^V = ®n,a;a-rn=cinVa) = {x eV;{a- rh)x = Cx). 

We have V = ®c-r{c)/T{r)=h'^^y ■ Define v' : V'^'''^ ^ C by u'{P) = c where 
Dp C ('^V. For P e V'-^h ^lave ^v{tp) = i^'{P)- By 3.19(c), for P e 7^, P C 
Q we have Dp C ''^V, that is, Dp C ®c;r(c)/r(r)=6v''-'''*l^- Thus if P e ^, then 
z^'(P) = c where r(c)/r(r) = by- Hence ^vi'tp) = c where r{c)/r{r) = by- Hence 
T(^x/(tp)) = 6yr(r). This proves (b). 

We prove (c). Let P', P" be two members of A. Let V & I. By (b), we have 
'^i^vi^P')) = T'iivi'tp"))- Since this holds for any r, we have Cvi^P') = Cy(tp")- 
Since with F e X span f)*, it follows that tp' = tp". The lemma is proved. 

Lemma 3.26. Let P' e V he such that y e P', P' C Q. (Such P' exists by 
3.17). 

(a) Ifiel-K then -r(a,(t))/r(r) > 0. 

(b) IfieK then -r(ai(t))/r(r) = 0. 

(c) Let V el. Then t(^v^(V(P') - t))/r(r) > 0. 

(d) Let V elj where K gJgI. Then T{^v{i}{P') - t))/r(r) = 0. 

Pick P e A (see 3.25(a)). Since cr — r/i is a semisimple element of fl P and 
P C Q, we can find a Levi subgroup L of P such that L C and a — rheL. Let 
T = Z^. Under tlic obvious isomorphism T P/[P.: = J), t G f) corresponds to 
an element t e T_ such that t = a — rh+x where x G [P, P]. Since cr — rh e L^t G L, 
we have x G [P, P] HL — [L,L\. Let i E I. Now (defined as in 1.6 in terms of 
our P, L) is an L-module hence tr(a;, 0~"') = (since x G [^, i;]). Let zi, Z2, ■ ■ ■ , 
be the eigenvalues of ad(o- — rh) on g"'** . 

Assume first that i e K. Then Li d (notation of 1.6) hence g""* C . 
Using this and the definition of Q^, we have T{zj) — for all j G [l,k]. Then 

tr(cr - rh, 0~"O = + ^fc and r(tr((j - r/i, = '^(^i) H 1" t(-2A;) = 

+ - ■ - + = 0. Now t acts on as —ai{t) times the identity hence tr(t, 0~"')) = 
—kai{t). Since t = cr — r/i + a;, we have —T{kai{t)) = + and —T{ai{t)) — 0. 

Assume next that i E I — K. Then Pi^(;t Q (notation of 1.6). Using 1.6(a) we 
see that (g"'** = 0- Hence 0"'** nQ = 0. This implies that T{zj) > 
for all j G [1, k]. Then tr(cT — r/i, g""*) = Zi + ■ ■ ■ + Zk and r(tr(cr — r/j.,0~"*)) = 

t(2;i)H \-T{zk)>0. Now tr(t, 0~"*)) = — /cai(t). Since t = cr — r/i + a; we have 

—T{kai{t)) > and — r(ai(t)) > 0. This proves (a) and (b). 

We prove (c). Using 3.25(b) and 3.22 we see that we must prove that 
T{i^v{P'))/r{r) > by. This follows from 3.19(a). 

We prove (d). The subgroup generated by the with V G Tk contains any 
with V G Vj where K C J C I. Hence it suffices to prove (d) for V G Ik- 
Using 3.25(b) and 3.22 we see that we must prove that t(z^v'(-P'))/^(^) — when 
V G Tk- This follows from 3.19(d). The lemma is proved. 
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3.27. For a; e ^ define e {)r (see 3.7) by 7(^2;) = r(7(a;))/r(r) for all 7 e A". 
Then a; 1— > "^a; is a group homomorphism f) f)R,. We can now reformulate Lemma 
3.26 as follows. 

Lemma 3.28. Let P' e V he such that y e P', P' cQ. 

(a) If i e I - K then -a^{^t) > 0. 

(b) IfieK then -a,{^t) = 0. 

(c) Let V el. Then Cv{^i^{P') - ^t) > 0. 

(d) Let V elj where K gJgI. Then Cvi^i^iP') - ^t) = 0. 

Lemma 3.29. Assume that G is semisimple. Let P' G be such that y G P', 
P' C Q. Then = G [)r (notation of 3.8(a)). 

This follows immediately from 3.8(a) and 3.28. 

Lemma 3.30. Let a',y'jh',y' be another quadruple like a,y,h,y. Define 
Q',Q'^,t' e ^ in terms of a' ,y' , h' ,y' in the same way that Q,Q^,t G f) were 
defined in terms of a, y, h, y. Define K' <Z I hy Q' e Vk' • Assume that there exist 
-Pi, -P2 e Vy with PiCQ and Pi, P^ G Vyl with P[ C Q' , such that 

(i) the image i] of a in Pi/[Pi, Pi] = i) coincides with the image of a' in 

£2/[£2,£2] = f) 

(a) the image rj' of a' in P'i/[P!i, P!i] — f) coincides with the image of a in 

£2/[£2,£2]=J)- 

Then there exists g & G such that Ad(^) carries {a,y,h,y) to {a',y',h',y'). 

The general case reduces easily to the case where G is semisimple. We now 
assume that G is semisimple. Applying 3.29 twice (once for cr, y, h, y, Pi and once 
for a',y',h',y', P{) we see that 

°(-r7) = -t,«(V) = "t'. 

(Notation of 3.8(a).) Applying 3.19(a) (reformulated with the aid of 3.22 and 
3.25(b)) to a,y,h,y, P2 (where P2 is not necessarily contained in Q) we see that 

(a) Cv{W-^t)>0 

for any V E 2. Using (a) and 3.8(b) with / = '^t', f = '^rj we deduce that 
> a.("("t)) for any i G /. Hence ^.("t') > ^.("t) for any i G /. 
(We have ''(^t) = "^t. Indeed, for any / G I)r, we have ^(°/) = ^f.) By symmetry 
we have also ^A^{'^t) > ^Aj(^t') for any i e I. Hence ^A^C^t) = ^Ai(^t') for any 
i e I. Thus, the annihilator of '^t — '^t' in f)* contains any ^Ai with i e I. Since 
these elements span f)*, it follows that "^t = '^t'. Then for any 7 G A' we have 
T(7(t)) = r(7(t')). Since this holds for any r, we deduce that 7(t) = 7(t') for any 
7 G A'. Since X generates f)*, it follows that t = t'. 

From 3.26 we see that K = {i e I;T{ai{t)) — 0}. Similarly, K' — {i e 
I; T{ai{t')) = 0}. Since t = t', it follows that K = K' . Thus, there exists gi e G 
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such that Q' = giQgi^,Q'^ = giQ^di^- Replacing {a' ,y' ,h' ,y') by a quadruple 
in the same G-orbit, we see that we may assume that Q = Q', = Q'^. 

We show that P2 is automatically contained in Q. Assume that P'^ ^ Q' = Q- 
Let V G Xk- Applying 3.19(b) (reformulated with the aid of 3.22 and 3.25(b)) 
to a' ,y' , h' ,y' , P2, we see that Cvi^v) > ^y(^t'). Applying 3.19(d) (reformulated 
with the aid of 3.22 and 3.25(b)) to a,y,h,y,Pi, we see that ^vi'^v) — ^y(^t). 
This contradicts the previous inequality since t = t'. Thus, 

(b) c Q' = Q. 

Note that all of a,y,h,y,a',y',h',y' are contained in Q^. We show that these 
elements satisfy the hypotheses of the lemma 3.16 (with G replaced by Q^). 

The analogues of Q,Q' (when G is replaced by Q^) are Q^,Q^. Now in we 
have an analogue of V, namely 

(See 1.3.) Let Ri = Pi n Q\ i?2 = ^2 H Clearly Ri E V; by (b), we have 
Ri, R'2 G V'. Now t) defined in terms of ,V' is canonically the same as f) defined 
in terms of G, V. Prom (i) and (b) we deduce that 

the image of a in -Ri ] = f) coincides with the image of a' in il2/[-^2) -^2] = 

[)• 

Thus, 3.16 is applicable and {a,y,h,y), {a' ,y' , h' ,y') are conjugate under an ele- 
ment of Q^. The lemma is proved. 

Lemma 3.31. Assume that G is semisimple. The following two conditions on 

{y, cr, r) are equivalent: 

(i) For any P e Vy and any V eX we have ^y{J'4^{P)) > 0. 
(11) Q^G. 

Assume first that Q = G. By 3.28(b) we have ctiC^t) = for all i E I. Hence 
= 0. By 3.28(c), for any P eV^ and any V e X we have ^y(^V(^) - ^t) > 0, 

hence ^v{'^'4'{P)) > 0. Thus (ii) implies (i). 

Next, assume that Q ^ G, that is K ^ I. Let i E I — K and let V E Ii^^ij. 

Then = Z^je/ ^j^j (i^ ^*) where zj > for all j and Zi > 0. By 3. 28(a), (b) we 

have Q!j(^t) < for all j E I and ctjC^t) < 0. Hence 

Now let P eV^ he such that P C Q. By 3.28(d) we have ^vi^HP) - ^t) = 
hence ^^(^'^(P)) < 0. Thus (i) implies (ii). The lemma is proved. 
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Lemma 3.32. Assume that G is semisimple. The following four conditions on 
{y,a,r) are equivalent: 

(i) If P' G ^ and L' is a Levi subgroup of P' such that a,y are contained in L' , 
then P' = G. 

(ii) y is a distinguished nilpotent element of q and there exists y e G_2j. such 
that [y, y] — r~^a. 

(Hi) For any P e Vy and any V & I,V ^ C, we have ^vH^iP)) = nr where 
n G N^{0}. 

(iv) For any P e and anyVeI,V^ C, we have ^v^il^iP)) > 0. 
The fact that (i) imphes (ii) is proved in [LI, 2.5]. 

We show that (ii) imphes (iii). Assume that (ii) holds. Let s = Cy + Ca + Cy (a 
homomorphic image of 3(2 (C)). To prove (iii) it is enough to verify the foUowing 
statement. 

Let P eVy and letV eI,V ^ C. Let Dp be the P -stable line in V. Then a 
acts on Dp as multiplication by rn where n G N — {0}. (Compare [LI, 2.8].) 
From the representation theory of 5I2, we see that a acts on Dp as rn where 
n G N. (Use that y acts as on Dp.) Assume that a acts on Dp as 0. Then Dp 
must be stable under s which acts on it by 0. Now let P' G ^ be such that P' is 
the stabilizer of Dp in G (we have P' ^ G). Then s C P' hence s is contained 
in a Levi subalgebra of P' . Thus, y is not distinguished in G, contradicting (ii). 
Thus (ii) implies (iii). 

It is clear that (iii) implies (iv). 

Assume now that (iv) holds and (i) does not hold. Then we can find P' G 
P' ^ G, and a Levi subgroup L' of P' such that a G l/,y G L/ . Replacing if 
necessary P' , L' by a G-conjugate, we may assume that cr, y, /i, y are all contained 
in v. Let Ai = {P G V^\P C P'}. By 3.10 (applied to P' instead of Q), we 
have Ai ^ 0. We have P' E Vj, J I. Since (iv) holds, we see from 3.31 that 
g = gi = G and from its proof, that = 0. Let V G Tj. Then V ^ C. 
Let P G Ai. By 3.20 (reformulated with the aid of 3.22 and 3.25(b)) we have 
^i/(^V(^) -^t) = 0. Since = 0, it follows that ^v{''^{P)) = 0. This contradicts 
(iv) since V ^ C. Thus, (iv) implies (i). The lemma is proved. 

3.33. Let E be an S-module of finite dimension over C. There is a canonical 
direct sum decomposition E = where f^E (a weight space) is the set of all 
X E E such that for any ^ E \)* , ^ : E — >Pis given on ^E by multiplication by 
^{t}) plus a nilpotent endomorphism of rjE. 

3.34. The torus G' — {{cr,r)) in G x C* is well defined (see 1.1). The fixed point 
set of the G'-action on g (restriction of the G x C* action) is 

= {{y', P) G 0; [a, y'] = 2ry' , a G P}. 

Let pt denote a point {y', P) of g*^'. Since cr G P, we have G' C P © C. 
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Let k be the composition 

S = H*a^c49, C) ^ H*a,{&, C) ^ H*a,{pt, C) ^ C,,, 

where the first map is as in [L4, 1.4(g)], the second map is j* (see [L4, 1.4(a)] 
attached to the imbedding j '■ pt ^ Q and the third map is the quotient defined 
as in 1.13. For ^ e 1^* (a subset of S) we have from the definitions: 

(a) m-e{(T,r) 

where ^' is the hnear form on G' given by the composition ^ £./[£-■> £] = 

1^ C (the unspecified maps arc the obvious ones). 

The image of ijj : — > i) (as in 3.22) is a finite subset D of i). From the 
definitions we have ^'(u, r) = ^{ip{P)) hence (a) can be rewritten as follows: 

(b) m = mp))- 

Now let X be a subvariety of g*^'. By 1.11, 

Hf {X, t) = H*G, ® (X, t) 
(see [L5, 1.21]) is naturally an S-module. Hence 

A = C,,r <»H*^, Hf {X, C) = (X, t) 

(where CcT,r = H.Q,jXf,^ is as in 1.13) is again an S-module. 

We have a morphism X — > -D C J) given by (y',P) i— > ip{P)- Consider the 
partition X = Us^aX^ of X into connected components (A is the set of irreducible 
components of X.) Now each connected component X'' is mapped hy X — > D to a 
single point of D denoted ip{S). Since X^ is open and closed in X and is G'-stable, 
we may identify canonically A = (BseaA^ where A^ = H^{X^,t). Clearly this 
direct sum decomposition is compatible with the S-module structure. 

Lemma 3.35. For any r] E i) we have nA = ®seA;i;{S)=ri 

We may assume that X is connected. Let d E D he defined by d = i/'(P) for 
any {y, P) G X. Let ^ G f)*. We must show that C ~ C{d) acts nilpotently on A. 
Let ^ be the image of ^ under the composition 

S = i^GxC* (0, C) ^ H*a,{d, C) ^ H*a,{X, C) 
= H^, (8) H*{X, C) C^,r ® H*(X, C) 

where the first map is as in [L4, 1.4(g)], the second map is m* (see [L4, 1.4(a)] 
attached to the imbedding m : X — > 0, and the third map is induced by the 
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quotient defined as in 1.13. The action of ^ on ^ is multiphcation by ^ G H*{X, C) 
on H^{X, t). We have | = |o+|> where |o e H^{X, C) and |> e e„>off"(X, C). 
Clearly, multiplication by ^> on H^{X,C) is nilpotent. Since X is connected, we 
have ^0 = cl where c e C and 1 e H^{X, C) is the unit element of the algebra 
H*{X, C) (which acts as the identity on H^{X, £)). It is then enough to show that 
c = C{d). Let pt denote a point {y',P) of X. Let j' : pt — > X he the imbedding. 
From the definitions, j'* : H*{X,C) H*{pt,C) = C carries | to k{C) (as in 
4.2), that is to $,{ip{P)) — $,{d) (see 4.2(b)). It automatically carries ^> to hence 
it carries to ^{d). It also preserves unit elements. Hence it carries cl to c. Since 
^0 = cl, it follows that c = ^{d). The lemma is proved. 

3.36. Let G' = ((cT,r)) C G x C*. Since (a, r) G M°(j/) , we have G' C MO(y). 
Let Ai = Ey,a,r be as in 1.13 (recall that the choice of G' in 1.13 is immaterial; in 
particular we may take G' = {{a, r))). For p G IrroM(y, a) we set Aip = Ey^a,r,p- 
The fixed point set of the G'-action on Vy (restriction of the M(y)-action) is 
just Vy . By the localization theorem [L5, 4.4(b)] (which is applicable in view of 
the odd vanishing theorem [L4, 8.6]), the imbedding j : Vy — > Vy induces an 
isomorphism 

or equivalently 

(a) A^M. 

Here A (as in 3.34) is an S-module and M. is an H-module (in particular, an 
S-module via the obvious algebra homomorphism S — > H). The isomorphism (a) 
is compatible with S-module structures. Now the direct sum decomposition A = 
ffi^eA^*^ in 3.34 (where (A is the set of irreducible components of Vy) correponds 
under (a) to a direct sum decomposition 

(b) M = ®5^aM^ 

and we can reformulate 3.35 as follows: 

(c) For any rj E i) we have rjM. = ®s&A;tij{S)=rj-^^ ■ 
Here j^Ai are the weight spaces of Ai. 

Since the M{y, s)-action on Ai commutes with the H-module structure, each 
weight space rjAi is M(y, (j)-stable. It follows that for p G lrrM{y, a), we have 

(d) ^{Mp) = RoUlM^y^^^ip, rjM). 

Now the M(y)-action on Vy restricts to an M{y, cr)-action on Vy . Hence M{y, a) = 
M{y, a)/M{y, (j)° acts naturally on A. Let A be the set of M{y, (T)-orbits on A 
and lei 5 ^5 be the canonical map A ^ A. Let p G IrrM(j/, a). We have 



Mp = ®eeAM'p 
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where Mp = Hom^(j^^^)(p, ©5eA;5=e-^'^)- Now ip : A ^ i) is constant on M{y, a)- 
orbits hence it induces a map t/S : A — > f). Then, from (c) and (d) we deduce: 

(e) for anyr]ei) we have r,iMp) = ®e€A;i,{e)=v^p- 
Let V* = {P & V; P C Q}. Let (resp. A^) be the set of irreducible components 
of Vy that are contained in V* (resp. in V — V*). By 3.21, we have a partition 
A = A^ U A2. Let 

Then M = M^^M"^. Now the summands M^,M'^ of M are stable under M{y, a) 
(since M{y,a) CQ x C*, see 3.15). Hence, setting 

we have Mp = M^ ® M^p. 

Lemma 3.37. (a) Each of M^ and M^ is a sum of weight spaces of M. 

(b) Each of Mj, and M'^ is a sum of weight spaces of Mp. 

Using the inclusion M^ C ^(5)A4 (see 3.36(c)) we see that 

(c) M^ C M^^\M'^ C A^(2) where 

We show that 

(d) nM(2) ^ 0. 

Since the weight spaces of M form a direct sum, it is enough to show that iIj{S) ^ 
for any 5, 5' e A such that b ^ V* ^ V - V* ox equivalently, that 
V'(P) ^ i){P') for any P, P' G such that P dQ.P' (^Q. 

Let V e Ik- By 3.19(b), (d) we have T(z/y (P))/r(r) = by, t{uv{P')) /T{r) > 
bv, hence zyy(P) ^ uyiP'). Hence CvO^iP)) Cv{i^{P'))- Hence ij{P) ^ i){P'), 
as desired, and (d) is proved. 

Since M = M^ ® M^, we see from (c),(d) that M^ = M^^\ M^ = M^'^\ 
Since each M^^\ M^'^^ is a sum of weight spaces of M, (a) follows. 

We prove (b). Let k G {1, 2}. By (a) we have M'^ = ©n=i(r;n-^) where rjn are 
distinct elements of (). It follows that 

= Hom^(y,,)(p,A^^) = ®^^iHom^(j^^,)(p,^„M) = ®^=i(„„A^p). 

The lemma is proved. 

3.38. Replacing G, y, a, r by Q^, y, cr, r in the definition of W, f), S, H, Vy, Vy, £, M 
we obtain (as in 1.16) M^k, [), S, H', P^, P'^, A^'. Since M{y,a) C Q, the ana- 
logue of M(|/, (j) for (5^ instead of G is a quotient of M{y, a) by a unipotent normal 
subgroup. Hence M(j/, cr) defined in terms of is the same as that defined in 
terms of G. Hence for p G IrrM((j, y), we can define M'p in terms of M' in the 
same way as Mp was defined in terms of M. By 1.18 we have an isomorphism 

(a) *:H®H'A^'^M. 
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Then x ^ ^'(1 (g) a;) is a map M' M. 

(b) This is an isomorphism of A4' onto M.^. 
Indeed, using the locahzation theorem [L5, 4.4(b)], A4' — > M. may be identified 
with the map 

induced by the obvious inclusion V'yC Vy whose image is the open and closed 
subset nV* oiV^. 

Now for any p e IrrM(cr, j/), (a) induces an isomorphism 

(c) Hf^H'H^A^p 
and (b) induces an isomorphism 

(d) M', ^ Ml- 

Since H' — > H is injective and H is a free H'-module, from (c) we deduce that 

(e) M'p^O^Mp^ 0. 

3.39. Proof of Theorem 1.15(a). Note that in the setup of 1.15(a) we have 
Ey,a,r 7^ hence we are also in the setup of 3.9. 

By 3.38(e) we have M'p ^ 0. As in the proof of 3.16 we see that y belongs to 
the unique open orbit of Z{a) fl in 02r H (\^- Hence we may apply [L4, 8.17(b)] 
to instead of G and conclude that Ai'p is a simple H'-module. 

Let F be a proper H-submodule ofA^p. If F (1 Mp — Mj, then, since 
generates M.p as a H-module (see 3. 28(c), (d)) it would follow that F generates 
Alp as a H-module hence F = M.p contradicting the assumption that F is proper. 

Thus we must have F fl M], 7^ M.^p. Since M.^p is a simple H'-module and 
F n M.^p is a proper H'-submodule of Al^, it follows that 

(a) FnMl = Q. 

For any ry e f) we have C r]{.-M.p) and by 3.37(b), r]{M.p) is contained either in 
Alp or in Atp. Thus, we have either C Alp or ^F C Alp. The first alternative 
cannot occur if ^F 7^ by (a). Thus, we have ^jF C Alp for any 77 hence F C Alp. 
It follows that the sum of all proper H-submodules of A^p is contained in Alp and 
thus it is itself a proper submodule (since Alp is 7^ 0, being isomorphic to Alp). 
This proves 1.15(a). 

3.40. Let p G IrroM(cr, y). Let M.p^max be the unique maximal H-submodule of 
Mp. RecaU that Mp^max C Alp. It follows that 

(a) The obvious map A4'p — Alp — > M.p/ M.p,max is injective. 
Let V e Ik- Let 

X = {rj e ^;rj{Mp/Mp,max) 7^ 0,r(^v'(?7))/T(r) is minimum possible }. 

Note that X is well defined (see the proof of 3.37) and the minimum value in the 
definition of X is by- From the proof of 3.37 we see also that 

(b) The image of the map in (a) equals J^nex Tii-^p/-^p,max)- 
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3.41. Proof of injectivity in Theorem 1.15(b). Let y-,a\h\y- be another 
quadruple hke y, a, h, y (with the same r). Let p E IrroM(cr, y), p' E IttqM (a\ y ) . 
Define 

Q-,Q'\Ml,.,M'l,.,M'l,.,Ml,.„,i;' 
in terms of y\a\h\y \ in the same way as 

Q, Q\ Mp, M'p, Mp, Mp,max, ip 

were defined in terms of y, a, h, y, p. Assume that 

(a) Mp/Mp,max = Ml../Ml^.^^,, 

as H-modules. We show that there exists g E G which conjugates y, a, h, y, p to 
y^(^^h,y,p-. 

We can find ?7 G f) such that n{M'p) ^ 0. By 3.40(a), we have r]{Mp/ Mp^max) 7^ 
Ohenceby (a),,(A<^,/A^;,, _J^O. 
It follows that r^M^ i- 0, ,,(A^J,.) i- 0. 

Using 3.36(c) we deduce that there exist P\ E Vy and E Vy, such that 
Pi C Q and 

V'(Pi)=r7 = V''(i^2) 

By symmetry, there exist P{ E Vy, , P2 E Vy and r]' E\) such that P[ d Q and 

V''(PD = V = V'(i^2). 

Then the assumptions of 3.30 are verified and we see that there exists g E G which 
conjugates y, a, h, y to y , a ,h\y'. Thus, we may assume that = y,a^ = a, h!^ = 
h, y^ = y. Then 

^ g,Qi' = Q\Ml,. = Mp'.,M'l,. = m;.., 

•^'p' = Ml^. , = Mpi^max, V'' = V'- 

Let V E Ik- Consider an H-linear isomorphism M.p/ M.p,max — ^ Mp^/Mp^^^ax■ 
This clearly carries the subspace 

.max; 

{X as in 3.40) onto the subspace 

(here X is as in 3.40, and the analogous set for M.p\ is again X) hence, by 3.40, it 
carries the subspace isomorphically onto the subspace M.^p\- Hence it induces 

an isomorphism of H'-modules M.'p ^ ^^e proof of 3.16 we see that 

y belongs to the unique open orbit of Z[a) fl in Q2r H q^. We now apply [L4, 
8.17(c)] to instead of G and deduce that p- = p. This completes the proof. 
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3.42. Proof of surjectivity in Theorem 1.15(b). A statement close to the 
surjectivity in Theorem 1.15(b) was stated in [L4, 8.15] but the proof given there 
has an error in line -7 of p. 199 ("Since H'^o^^y-^/ 1" is an artinian C-algebra..."). (I 
thank David Vogan for pointing out that error). In the part of the proof preceding 
that line it was shown that: 

(a) if A/" is a simple H-module, then there exists y G Qn-, an ideal J of finite 
codimension in ^ = iy^o(y) and a non-zero H-linear map X/JX — > H where 

X = Hf^^\Vy,t). 

We continue the proof starting from (a). We have dim.c{X/ JX) < oo (this can 
be seen from [L4, 7.2] using [L4, 8.6]). Let X/JX — >• X' be the largest scmisimple 
quotient of the H-module X/JX. Then X' inherits from X/JX an ^-module 
structure. Clearly, there exists a non-zero H-linear map X' — > J\f. Let Xj^j- be 
the A/'-isotypical part of the H-module X'. Then Xj^ is an ^-submodule and 
Xj^ ^ 0. Let radJ = {x E A^x'^ E J for some n > 1}. The elements of rad{J) 
act on X'j^ as commuting nilpotent elements. Hence rad{J)X^ ^ X'j^ (since 
X'j^ 7^ 0)- Hence there exists a non-zero H-linear map X'j^/rad{ J)X^ — > M. 
Now X'j^/rad[J)X'j^j- is a direct summand of the H-module X' /rad{J)X' hence 
there exists a non-zero H-linear map X' /rad{J)X' J\f. The canonical map 
X/rad{J)X — > X' /rad{J)X' is surjective hence there exists a non-zero H-linear 
map X/rad{J)X — Af. Since rad{rad{J)) = rad{J) we sec that wc may assume 
that J = rad{J). Then the commutative algebra A/ J A is a finite direct sum of 
copies of C. Let /i, . . . , be the maximal ideals of A that contain J. We have 
A/ J ^ A/h © . . . ® A/ Ik and X/JX = X/hX ® . ..X/hX (as H-modules). 
Hence there exists j e [1, k] and a non-zero H-linear map X/IjX — > A/". Hence we 
may assume that J is a maximal ideal of A. Then there exists a semisimple element 

((J, r) e M°(y) such that J = J^r^^^ (see 1.13). Then X/JX = Ey^^^r and we see 
that there exists a non-zero H-linear map Ey^cr,r A/". Now Ey^cr,r = ®pP®Ey^cr,r,p 
where p runs over IrroM(j/, o"). Hence there exists p e IrroM(j/, o") and a non-zero 
H-linear map Ey^cr,r,p — A/". This map is surjective since the H-module M is 
simple. It follows that the induced map Ey^^^r,p is an isomorphism. This 

completes the proof of Theorem 1.15. 

3.43. Proof of Theorem 1.21. Assume that 1.21(iii) holds. Replacing h,y by 

0(/?.o), 4>{fo)i we see that G = = Q. Using 3.31 we see that 3.31 (i) holds. Using 
3.36(c) we deduce that for any ?7 G f) such that ri-M. ^ and any V E I we have 
''"(^v(^))/^(^) > 0. Hence M. is r-tempered. Hence M.p is r-tempered and 1.21(i) 
holds. 

Clearly, if 1.21(i) holds, then 1.21(n) holds. 

Assume now that 1.21 (iii) does not hold. Using 3.31 we see that Q ^ G that is 
i e I-K. Let y G Ti-{i}. Let ry G f) be such that r^M'p ^ 0. Then, by 3.40(a), we 
have r^{Mp/Mp^niax) 7^ 0. We can find P eVy such that P C Q and ry = t/^iP). 
By the second paragraph in the proof of 3.31 we have T(^v('0(P)))/r(r) < hence 
T(^v(?7))/r(r) < 0. It follows that Mp/Mp^max is not r-tempered. Thus 1.21(ii) 
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does not hold. 

Thus the three conditions in 1.21 are equivalent. If these conditions are satisfied 
then, as we have seen above, we have G = Q. As in the proof of 3.16 we see that y 
belongs to the unique open orbit of Z{a) in g2r- Hence we may apply [L4, 8.17(b)] 
and conclude that M.p is a simple H-module. This completes the proof of 1.21. 

3.44. Proof of Theorem 1.22. The equivalence of 1.22(i) and 1.22(h) follows 
from 3.32. 

Assume that 1.22(n) holds. Using 3.32 we see that 3. 32 (in) holds. Using 3.36(c) 
we deduce that for any ry G f) such that ^ and any V &X,V ^ Q have 
^v(^) = "^"^ where n G {1, 2, 3, . . . }. Hence 1.22(v) holds. 

Clearly, if 1.22(v) holds, then 1.22(iv) holds. 

By 1.21, conditions 1.22(iii) and 1.22(iv) are equivalent. 

Assume that 1.22(iv) holds and that 1.22(i) does not hold. Then we can find 
P' G P' 7^ G and a Levi subgroup V of P' such that y e L',a e L' . We 
may assume that h e L',y E L' . By 3.10, we have {P e V^; P C P'} 0. In 
particular, P' G Vj for some J G I, J ^ I. In particular L' inherits a natural 
cuspidal datum (as in 1.3) and in terms of this we can define in the same 

way as H, M. were defined in terms of the cuspidal datum of G. We have a natural 
imbedding 

jo: M ^ M. 

Let n' = Upi and let yXv' = coker(ad(y) : n' n'). We show that 

(a) ad(cr) — 2r : ^n' — > yXi' is invertible. 

By 1.21 (and its proof) we have Q = = G. Thus, nQa =^ ^('^)/''"(^) ~ 
We must show that any eigenvalue of a,d{a) — 2r on coker(ad(j/) : n' — > n') is 0. 
Now the last cokernel is a quotient of ©n,a;n<o(n0o)- Hence it suffices to show 
that if nQa 7^ and n < then a — 2r ^ 0. But 

r(a - 2r)/r(r) = (?ir(r) - 2r(r))/r(r) = n - 2 < -2 
hence a — 2r 7^ 0, as required. This proves (a). 

We see that 1.18 is applicable (with P',L' instead of Q,Q^). We deduce that 

(b) 3o{M.) generates the H-module M.. 

We can find a surjective H-linear map p : A1 — > M.p. The composition M. ^ 
Mo is non-zero. (Otherwise, jo(A^) would be contained in the proper H- 
submodule Ker(|)) of M. contradicting (b).) Since pjo is S-linear, it follows that 
there exists ?7 G I) such that 7^ and r)M.p ^ 0. Hence there exists P G Vy 
such that P (Z P' and ip{P) = rj. By the argument in the last paragraph of the 
proof of 3.32, we have T(^y (•i/'(-P)))/T(r) = 0, that is, T(^y (?7))/T(r) = where 
V eXj. This contradicts 1.22(iv) since V C. We have proved that if 1.22(iv) 
holds then 1.22(i) holds. 

This completes the proof of 1.22. 
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